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Propagation and Scattering of Light in Helical Liquid
Crystals with Large Pitch

E. V. Aksenova
Saint Petersburg State University, Research Institute of Physics,
St. Petersburg, Russia

The problems of light propagation and scattering in twisted nematic and
cholesteric liquid crystals are considered. We study the correlation function of
the director fluctuations, the eigenwaves, and the Green’s function for helical
liquid crystals with the pitch, which significantly exceeds the wavelength of light.
The obtained results make possible to describe angular and polarization depen-
dencies in scattered light, the wave-guide channel formation, the turning points
and the effect of percolation through the forbidden zone.

Keywords: helical liquid crystal; scattering of light; spatial correlation function;
wave-guide channel

1. INTRODUCTION

Light scattering technique is one of the effective methods for studying
of the liquid crystal (LC) systems. Scattering of light is usually
considered under the assumption that the medium is spatially homo-
geneous, or fluctuations and the propagation of waves in inhomoge-
neous media are described on the basis of small parameters. The
problem becomes more complicated when the spatial homogeneity of
the medium is violated considerably. This leads to several problems
such as the description of the structure of the normal waves, the calcu-
lation of the Green’s function of the electromagnetic field, and analysis
of the correlation function of permittivity fluctuations. Typical exam-
ples are the problems of propagation and scattering of light in media
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with periodically varying properties. Such media include cholesteric
liquid crystals (CLC), twisted nematic liquid crystals, and some kinds
of smectic liquid crystals.

The exact solution of the problem of electromagnetic waves
propagation in CLC was obtained only for waves propagating along
the symmetry axis of the system [1–3]. The formal analytic solution
for the problem in the case of oblique incidence [4,5] has the form of
an infinite series and is difficult for an analysis. Therefore, various
approximate methods are widely used in the optics of layered liquid
crystals [6,7]. The main attention is paid to the situation when the
wavelength is of the order of the pitch. In this case methods developed
in X-ray diffraction theory are effective [7].

Such an approach remains most popular for CLC up to now [8–11].
The problems with the normal waves and the field of a point source
[12] as well as the spectrum of the thermal fluctuations of the director
[13,14] have been investigated using this method.

The opposite case, when the wavelength is much less than the pitch,
has been studied insufficiently. However, this problem has become
important in recent years in connection with application of nematic
twist cells and CLC with a large pitch in display systems [15].

If light propagates along the axis of a helix, the adiabatic regime
takes place, then the polarization of waves rotates together with the
optical axis. In the general case of oblique incidence for systems with a
large pitch it is natural to use the WKB (Wentzel-Kramers-Brillouin)
method since the size of inhomogeneities is much larger than the wave-
length. It is difficult to apply the WKB method for electromagnetic
waves directly since this gives rise to a system of coupled equations. This
problem was solved in [16,17] for electromagnetic waves propagating in
locally isotropic media with smooth inhomogeneities. For CLC with the
large pitch the generalization of the WKB method was suggested in [18].

In this work we developed a general scheme of calculation of light
scattering intensity in CLC with the pitch significantly exceeding
the wavelength. The approach based on the Kirchhoff method provides
explicit expressions for angular and polarization dependencies of
single light scattering intensity.

2. CORRELATION FUNCTION OF THE DIRECTOR
FLUCTUATIONS

The elastic free energy of the cholesteric liquid crystal has the
form [19]

F¼ 1

2

Z
dr½K11ðdivnÞ2þK22ðn �curlnþq0Þ2þK33ðn� curlnÞ2�; ð2:1Þ

2=[354] E. V. Aksenova
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where Kllðl¼ 1;2;3Þ are the Frank modules. Here we consider the
situation when the CLC is unbounded or the surface energy is
negligible compared to the volume part of the energy. The unit vector
director n¼nðrÞ describes the local orientation of the long axes of
molecules. In the equilibrium the energy (2.1) is minimal for helical
distribution of the director

n0ðrÞ�n0ðzÞ¼ ðcos/; sin/; 0Þ: ð2:2Þ

Here we introduced the frame with the z axis directed along the CLC
axis, /¼/ðzÞ¼ q0zþ/0, the angle /0 determines the orientation of the
director in the plane z¼ 0, q0¼ 2p=P; P is the pitch.

The spatial correlation function of the director fluctuations is
determined as

gabðr1? � r2?; z1; z2Þ ¼ hdnaðr1?; z1Þdnbðr2?; z2Þi; ð2:3Þ

where

dnðrÞ ¼ nðrÞ � n0ðzÞ ð2:4Þ

and the brackets h. . .i designate the statistical averaging.
In order to calculate the correlation function of the director

fluctuations in the Gaussian approximation we restrict ourself to the
quadratic terms over dn in the free energy (2.1)

dF ¼ 1

2

Z
drfK11ðr � dnÞ2 þ K22½n0 � ðr � dnÞ�2

þK33½ðdn � rÞn0 þ ðn0 � rÞdn�2g: ð2:5Þ

Here we take into account the relations div n0 ¼ 0 and curl
n0 ¼ �q0n0 which are valid for the helical structure (2.2). As far as
jnj ¼ jn0j ¼ 1 the condition dn ? n0 is valid in the first order in dn.
Therefore dn can be parameterized by two functions [13,14]:

dnxðrÞ ¼ �u1ðrÞ sin /ðzÞ;
dnyðrÞ ¼ u1ðrÞ cos /ðzÞ;
dnzðrÞ ¼ u2ðrÞ:

ð2:6Þ

The modes u1 and u2 determine the director fluctuations in the xy
plane and along the z axis respectively. In vector notations we can
write

dnðrÞ ¼ u1ðrÞhð1ÞðzÞ þ u2ðrÞhð2Þ; ð2:7Þ

Propagation and Scattering of Light 3=[355]
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where

hð1ÞðzÞ ¼ hð2Þ � n0ðzÞ; hð2Þ ¼ ez ð2:8Þ

and ez is the unit vector directed along the z axis.
From Eq. (2.7) we can express the correlation function of the

director fluctuations through the correlation matrix of the scalar
functions u1;2

gabðr?; z1; z2Þ ¼
X2

k;l¼1

Gklðr?; z1; z2ÞhðkÞa ðz1ÞhðlÞb ðz2Þ; ð2:9Þ

where

Gklðr1? � r2?; z1; z2Þ � Gklðr1; r2Þ ¼ hukðr1Þulðr2Þi: ð2:10Þ

As far as in equilibrium CLC is spatially homogeneous in the plane
normal to the z axis we use a two-dimensional Fourier transformation.
Substituting Eq. (2.6) into Eq. (2.5) and completing two-dimensional
Fourier transformation we can get the distortion energy in the form

dF ¼
Z

d2q

ð2pÞ2
dFq: ð2:11Þ

Integrating by parts and omitting the terms outside the integral we
present the value dFq as a quadratic form

dFq ¼
1

2

Z
uTðq; zÞ bAAðq; zÞuðq; zÞdz ð2:12Þ

with

u ¼ ðu1;u2ÞT :

The matrix bAA is a differential operator of the second order. In the
coordinate frame with the x axis directed along the q vector
(qx ¼ q; qy ¼ 0) it has the form

bAA ¼ K11
q2 sin2 / iq sin /@z

iq@z sin / �@2
z

 !
þK22

�@2
z �iq@zsin /

�iqsin /@z q2 sin2 /

 !

þ K33
q2 cos2 / �iq0qcos /

iq0qcos / q2 cos2 /þ q2
0

 !
; ð2:13Þ

where @z � @=@z; @2
z � @2=@z2:

4=[356] E. V. Aksenova
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The probability of fluctuations is proportional to exp½�dFq=kBT�
where kB is the Boltzmann constant and T is a temperature. The
calculation of the correlation function leads to inversion of the bAA
matrix [20]. This procedure is equivalent to solution of the equationbAAðq; zÞ bGGðq; z; z1Þ ¼ kBTdðz� z1ÞbII: ð2:14Þ

For unambiguous solution Eq. (2.14) has to be complemented by
boundary conditions. In the infinite system the principle of the
correlations decay, bGGðq; z; z1Þ ! 0̂0 for z! �1, should be used as such
conditions.

The correlation function of the director fluctuations bGGðz; z1Þ in CLC
with the large pitch was considered in detail in [21]. The matrix bGG
obeys the inhomogeneous system (2.14) of two differential equations
with periodic coefficients and decay condition at z! �1. Note that
for z 6¼ z1 Eq. (2.14) is homogeneous. Primarily we solve the homo-
geneous equations for z > z1 and z < z1 and then we construct the
correlation function using the continuity condition for bGG and the jump
of its derivative for z ¼ z1. The homogeneous equations can be solved
by using the vector analog of the WKB approximation. We finally
have for the bGG matrix

bGGðq; z1; z2Þ ¼ bGGð1Þðq; z1; z2Þ þ bGGð2Þðq; z1; z2Þ; ð2:15Þ

where

G
ðjÞ
kl ðq; z1; z2Þ ¼

kBT

2qK33 cos /ðz1Þ cos /ðz2Þ
exp �q

Z z2

z1

ljðzÞdz

���� ����� �
� ‘ðjÞk ðq; z1; z2Þ‘ðjÞ�l ðq; z2; z1Þ; ð2:16Þ

where

llðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 /ðzÞ þ K33

Kll
cos2 /ðzÞ

s
; l ¼ 1; 2 ð2:17Þ

‘ð1Þðq; z; z0Þ ¼ i signðz� z0Þ sin /ðzÞffiffiffiffiffiffiffiffiffiffiffi
l1ðzÞ

p ;
ffiffiffiffiffiffiffiffiffiffiffi
l1ðzÞ

p !
;

‘ð2Þðq; z; z0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
l2ðzÞ

p
; i signðz0 � zÞ sin /ðzÞffiffiffiffiffiffiffiffiffiffiffi

l2ðzÞ
p !

:

ð2:18Þ

Summing over k and l in Eq. (2.9) and using Eqs. (2.8), (2.15)–(2.18)
we get the correlation function of the director fluctuations in the form

Propagation and Scattering of Light 5=[357]
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gabðq; z1; z2Þ ¼
kBT

2qK33 cos /ðz1Þ cos /ðz2Þ
X2

j¼1

exp � q

Z z2

z1

ljðzÞdz

���� ����� �
� f ðjÞa ðq; z1; z1 � z2Þf ðjÞ�b ðq; z2; z2�z1Þ; ð2:19Þ

where f ðjÞðq; z; z�z0Þ ¼
P

k¼1;2 ‘
ðjÞ
k ðq; z; z0ÞhðkÞðzÞ.

Note that the correlation function (2.19) grows in points where
cos /ðz1;2Þ in the denominator of Eq. (2.16) tends to zero. These points
occur in the region where the WKB approximation is violated.

The range of applicability of the WKB approximation is determined
by the inequality

q

q0
ll >> 1: ð2:20Þ

The correlation function behavior in the vicinity of points where
inequality (2.20) is not fulfilled is based on methods which are used
for investigation of the turning points in the WKB method. We have
discussed this problem in detail in [21]. It is shown there that the
correlation function is finite in the points with cos /ðz1Þ ¼ 0 and
cos /ðz2Þ ¼ 0.

3. THE NORMAL WAVES

The permittivity tensor êe describes the optical properties of choles-
terics. For CLC in equilibrium it has the form [19]

e0
abðrÞ � e0

abðzÞ ¼ e?dab þ ean0
aðzÞn0

bðzÞ; ð3:1Þ

where ea ¼ ek � e?; ek; e? are the permittivities along and perpendicu-
lar to n0 respectively. In what follows we consider ea > 0. In the
general case êeðrÞ ¼ êe0ðrÞ þ dêeðrÞ where dêeðrÞ is the fluctuation of the
permittivity tensor.

The wave equation in a non-magnetic medium for a monochromatic
wave is:

ðcurl curl� k2
0êeðrÞÞEðrÞ ¼ 0; ð3:2Þ

where E is electric field, k0 ¼ x=c;x is the circular frequency, c is the
light velocity in vacuum.

Let us solve Eq. (3.2) for equilibrium CLC with the large pitch, k<P,
where k is the wavelength of light, so we have a large parameter X

X ¼ k0=q0 ¼ P=k >> 1:

6=[358] E. V. Aksenova
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In this case it is reasonable to suppose that in each fixed point the
electric field has the form of a quasiplane wave

EðrÞ ¼ AðrÞ exp iWðrÞð Þ; ð3:3Þ

where WðrÞ is the real phase, AðrÞ ¼ AðrÞeðrÞ, eðrÞ is the unit vector of
polarization, e � e� ¼ 1, and AðrÞ is the real amplitude. Substituting
Eq. (3.3) into the wave equation (3.2) we get

r�r�AðrÞ þ i½kðrÞ � r �AðrÞþr � kðrÞ �AðrÞ�
�kðrÞ � kðrÞ �AðrÞ � k2

0êe
0ðrÞAðrÞ ¼ 0; ð3:4Þ

where the three-dimensional wave vector kðrÞ ¼ rWðrÞ is introduced.
In comparison to the first term the second and the third terms are of

the order of X, the fourth and the fifth terms are of the order of X2.
This hierarchy makes it possible to use the geometric optics approxi-
mation. If we keep the principal terms only (�X2) then we get the
vector analog of the eikonal equation. In this approximation we can
calculate rW ¼ k and the polarization vector e. The terms of the order
of X yield the so-called transfer equation. This equation makes possi-
ble to determine the wave amplitude AðrÞ.

According to Eq. (3.4) the eikonal equation has the form

kðrÞ � kðrÞ � eðrÞ þ k2
0êe

0ðrÞeðrÞ ¼ 0: ð3:5Þ

For each fixed point r Eq. (3.5) coincides formally with the equation
describing the propagation of plane waves in homogeneous anisotropic
media [22], so that it is possible to use well known results. Note that in
our case êe0ðrÞ ¼ êe0ðzÞ and the medium is homogeneous in the ðx; yÞ
plane. Then kðrÞ ¼ kðzÞ ¼ ðq; kzðzÞÞ.

Equation (3.5) for uniaxial homogeneous media for the fixed k
direction has two well known solutions corresponding to ordinary
and extraordinary waves. The module of the wave vector k has the
form

kð1Þ ¼ k0
ffiffiffiffiffi
e?
p ¼ k0nð1Þ;

kð2ÞðzÞ ¼ k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e?ek

e? þ ea cos2 h

r
¼ k0nð2ÞðzÞ;

ð3:6Þ

where h is the angle between n0ðzÞ and kð2ÞðzÞ, nð1Þ and nð2ÞðzÞ
are refractive indices of the ordinary and extraordinary waves
respectively. In Eq. (3.5) polarization vectors eð1ÞðzÞ and eð2ÞðzÞ corre-
sponding to these values of the k vectors are determined by
conditions

Propagation and Scattering of Light 7=[359]
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eð1ÞðzÞ k k� n0

eð2ÞðzÞ k n0ðkêe0kÞ � kðkêe0n0Þ:
ð3:7Þ

Taking into account that cos h ¼ kð2ÞðzÞ � n0ðzÞ=kð2ÞðzÞ ¼ q � n0

ðzÞ=kð2Þðq; zÞ one can see that the second expression of Eq. (3.6) for
given q becomes an algebraic equation with respect to k

ð2Þ
z ðq; zÞ.

Thus we have

kð1Þz ðq; zÞ � kð1Þz ðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e?k2

0 � q2

q
;

kð2Þz ðq; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ekk2

0 � q2 � ea

e?
ðq � n0ðzÞÞ2

r
:

ð3:8Þ

So we get four solutions for the wave vector k
ðjÞ
� ðq; zÞ ¼ ðq;� k

ðjÞ
z

ðq; zÞÞ. The signs ‘‘þ ’’ and ‘‘� ’’ correspond to waves propagating
in the positive and the negative z-direction respectively. Figure 1
shows schematically two solutions (3.6) for a fixed q vector.

Thus we get four normal waves in the form

E
ðjÞ
� ðrÞ ¼ AðjÞðq; z; z0ÞeðjÞ� ðq; zÞ exp iq � r? � i

Z z

z0

kðjÞz ðq; z0Þdz0
� �

ð3:9Þ

The amplitudes AðjÞðq; z; z0Þ will be determined below.

FIGURE 1 Two wave vectors k
ð1Þ
þ and k

ð2Þ
þ corresponding to given q. Here

circle R1 and ellipse R2 are the cross sections of the surfaces of ordinary and
extraordinary wave vectors by the plane containing the q vector and the z axis.

8=[360] E. V. Aksenova
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From Eq. (3.2) the conservation law follows

div S ¼ 0; ð3:10Þ

where

SðrÞ ¼ c

8pk0
½kjEj2 �E�ðE � kÞ� ð3:11Þ

is the Poynting vector [22]. For waves (3.9) we get

S
ðjÞ
� ðq; zÞ¼ c

8pk0
AðjÞ2ðq;z; z0Þ½kðjÞ� ðq; zÞ�e

ðjÞ
� ðq; zÞðeðjÞ� ðq; zÞ �kðjÞ� ðq; zÞÞ�:

ð3:12Þ

In our case we have the conservation law in the form div S¼ @zSz

ðq; zÞ¼ 0. Therefore the component Szðq; zÞ does not depend on z.
Then the amplitudes AðjÞðq;z; z0Þ can be written in the form

AðjÞðq;z; z0Þ¼E
ðjÞ
0

BðjÞðq; zÞ
BðjÞðq; z0Þ

; ð3:13Þ

where

BðjÞðq; zÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

i

2k
ðjÞ
z ðq; zÞ

s ffiffiffiffi
ej
p

nðjÞðq; zÞcosdðjÞðq; zÞ ; ð3:14Þ

e1¼ e?, e2¼ ek, dðjÞðq; zÞ is the angle between the EðjÞ and DðjÞ ¼ êe0EðjÞ

vectors. For the ordinary beam

cosdð1Þ ¼ 1;

for the extraordinary beam

cosdð2Þ ¼
ðeð2Þêe0eð2ÞÞ1=2

nð2Þ
¼

e? sin2 hþ ek cos2 hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2
? sin2 hþ e2

k cos2 h
q :

In this case the constant E
ðjÞ
0 determines the initial amplitude of the

field in the plane z¼ z0. We omit the signs ‘‘� ’’ if results do not depend
on the sign.

Equations (3.6)–(3.14) have a clear physical meaning. They corre-
spond to the adiabatic regime of the wave propagation. These equa-
tions can be considered as generalization for the case of the oblique
incidence of the well known Mauguin solution [6]. Propagating
between planes z ¼ z0 and z the normal wave with index j gains

Propagation and Scattering of Light 9=[361]
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the phase
R z

z0
k
ðjÞ
�zðq; z0Þdz0. As long as vectors e

ðjÞ
� ðq; z0Þ and e

ðjÞ
� ðq; zÞ

do not coincide the polarization vector rotates in the wave propa-
gation process. The dependence of the amplitudes AðjÞðq; z; z0Þ on z
in Eq. (3.13) is determined by the law of energy conservation for
the wave propagating in the inhomogeneous medium without absorp-
tion. The wave vectors k

ðjÞ
� ðq; zÞ in each fixed point of CLC are direc-

ted normally to the wave front. For the ordinary beam the wave
vectors k

ð1Þ
� ¼ k

ð1Þ
� ðqÞ do not depend on z, whereas the values and

the directions of the wave vectors of the extraordinary beams
k
ð2Þ
� ¼ k

ð2Þ
� ðq; zÞ do depend on z. The directions of polarization vectors

e
ðjÞ
� ðq; zÞ depend on z for both types of waves. For each vector q the

wave vectors k
ðjÞ
� ðq; zÞ are in the plane containing vectors q and ez

both for ordinary and extraordinary beams.
The tangent to the trajectory of the beam is parallel to the Poynting

vector S. Parameterizing the trajectory as ðr?ðzÞ; zÞ we can write

dr?ðzÞ
dz

¼ S?ðzÞ
SzðzÞ

: ð3:15Þ

As far as dð1Þ ¼ 0, Sð1Þðq; zÞ k kð1ÞðqÞ and it does not depend on z.
Therefore the trajectory of the ordinary beam is a straight line parallel
to the wave vector kð1Þ.

In general dð2Þ 6¼ 0 and as it follows from analysis of Eq. (3.12) the
vector Sð2Þðq; zÞ as a function of z does not belong to the same plane.
Since our system is locally uniaxial, Sð2Þ k êe0kð2Þ. So

S
ð2Þ
? ðzÞ

S
ð2Þ
z ðzÞ

¼ ðêe
0ðzÞkð2ÞðzÞÞ?
ðêe0ðzÞkð2ÞðzÞÞz

ð3:16Þ

and Eq. (3.15) for the trajectory of the extraordinary beam designated
with sign ‘‘þ ’’ takes the form

dr?ðzÞ
dz

¼ n0ðzÞq cos /ðzÞea þ qe?

k
ð2Þ
z ðq; zÞe?

: ð3:17Þ

Integrating Eq. (3.17) we get the trajectory of the beam

r?ðzÞ ¼
eaq

e?

Z z

0

n0ðz0Þ cos /ðz0Þ
k
ð2Þ
z ðq; z0Þ

dz0 þ q

Z z

0

dz0

k
ð2Þ
z ðq; z0Þ

: ð3:18Þ

A typical trajectory of the extraordinary beam calculated by Eq. (3.18)
is shown in Figure 2. One can see that the trajectory of the extraordi-
nary beam is helix like.
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Note, if k2
0e? 	 q2 	 k2

0ek then the extraordinary beam can propagate
into the CLC in certain limits of z. The range of these values is determ-
ined by the inequality cos2 /ðzÞ 	 e?ðk2

0ek � q2Þ=q2ea, for ea > 0. If this
inequality is violated k

ð2Þ
z becomes imaginary and the wave decays

exponentially. In this case the capture of the extraordinary beam in
CLC takes place [23]. From the physical point of view this effect
implies that the beam starts to deviate and in the point z ¼ z�ðqÞ the
component k

ð2Þ
z ðq; zÞ turns to zero changing then its sign. This effect

in some aspect is similar to total reflection from a surface inside the
medium. Since the refractive index is a periodical function of z such
a beam would reflect alternately from two planes normal to the z axis.
It means that a plane wave channel is formed and inside this channel
the extraordinary beam propagates at a large distance along r?
remaining within one period in z. The projection of the ordinary,
(1a) and (1b), and extraordinary, (2a), (2b) and (2c), beams and forma-
tion of the waveguide propagation are shown in Figure 3.

The trajectory of the ordinary beam is a straight line for an arbi-
trary angle of incidence. For extraordinary beams with no wave guide
regime the trajectory is a helix like (Fig. 2). For extraordinary beams
captured into a wave guide channel the trajectory is non-plane also.
The effect of the extraordinary beam return was observed experimen-
tally [24]. The setup is analogous to Ref. [4] setup. The LC-cell is shown
in Figure 4. The plane parallel layer of LC (1) 100 mm in thickness was

FIGURE 2 A trajectory of the extraordinary beam in CLC. The following
parameters were used ek ¼ 2:3, ea ¼ 2:0, the angle of incidence on the plane
z ¼ 0 is equal to p=4, and angle /0 ¼ �p=4. All distances are expressed in
terms of P.
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imbedded between trapezoidal prisms glasses (2 and 3). The incident
angle on the LC-glass boundary is denoted as a, the refractive angle
inside LC is denoted as v. The twist structure in the cell appeared to
be with the director parallel to the plane of the Figure 4 in the center
of the layer and normal to the plane on the orienting surfaces, so
the pitch is equal to P 
 200 mm. We measured the light intensities
by detectors Ph1 and Ph2 for two polarizations of the incident beam
corresponding to the ordinary and extraordinary beams at an entrance
of the LC.

FIGURE 4 The cell with the twisted LC: 1 is LC; 2, 3 are the prism glasses
with a height 12 mm, larger base 37 mm and base angle c0 ¼ 70�, LC thickness
is 100 mm. Ph1, Ph2 are photodetectors.

FIGURE 3 The beam trajectories in CLC. Projections on the z;q plane,
ek ¼ 2:86, e? ¼ 2:28. All distances are expressed in terms of P.
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The parameters e? and ek are equal to e? ¼ 2:28 and ek ¼ 2:86.
Refractive index of the prism is equal to ng ¼ 1:644, i.e.,

ffiffiffiffiffi
e?
p

< ng <ffiffiffiffi
ek
p

. The angle a varies within the limits 32:54� < a < 90�.
The obtained experimental and theoretical results are presented in

Figures 5 (ordinary beam) and 6 (extraordinary beam). Figures show
that for both types of beams there is an angle a� 
 66:6� 66:8� such
that for a < a� both detectors receive the light and for a > a� the light
is received by the detector Ph1 only.

As it follows from Snell’s law on the boundary glass-LC,ffiffiffiffiffi
e?
p

sin v ¼ ng sin a, for the ordinary beam there is a restriction on
the refractive angle, a < arcsinð ffiffiffiffiffie?

p
=ngÞ. Substituting ng and

ffiffiffiffiffi
e?
p

values we get arcsinð ffiffiffiffiffie?
p

=ngÞ 
 66:7�, i.e., a� 
 66:7� is really the angle
of the total internal reflection.

For the extraordinary beam Snell’s law at the boundary in this case
has the form

ng sin a ¼ nð2Þð90�Þ sin v ¼ ffiffiffiffi
ek
p

sin v: ð3:19Þ

As far as ng<
ffiffiffiffi
ek
p

there exists angle v for any angle a in Eq. (3.19).
Therefore there is no total internal reflection on the boundary glass-
LC. But the behavior of the extraordinary beam, Figure 6, looks like
the behavior of the ordinary beam, Figure 5. Namely for a < a� 
 66:7�

there are reflected and refracted beams and for a > a� the refracted
beam is absent.

FIGURE 5 The angular dependencies of the intensities of reflected (
) and
refracted (&) ordinary beam; ~ is the total intensity. Solid lines are calcula-
tions: (1) and (2) are I

ð1Þ
r and I

ð1Þ
t , (3) is I

ð1Þ
r þ I

ð1Þ
t .
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The obtained results can be explained if we take into account the
return of the extraordinary beam. According to our calculations for
large angles of incidence this beam can not penetrate inside LC more
deeply than the layer where k

ð2Þ
z ¼ 0. Then k

ð2Þ
z changes its sign and

the beam leaves LC with the same value of the transverse component
q and opposite value of the longitudinal component k

ð2Þ
z . Taking into

account Snell’s law, Eq. (3.19), we get
ffiffiffiffiffi
e?
p

=ng < sin a 	 ffiffiffiffi
ek
p

=ng. Hence
it follows that the return of the extraordinary beam appears in the
range of the angles a� < a 	 90�, as it was observed in the experiment.
The return of the beam starts at the angle a wherein k

ð2Þ
z becomes

equal to zero at the plane with minimal nð2Þ. The minimal nð2Þ ¼
ffiffiffiffiffi
e?
p

and it coincides with the refraction index nð1Þ of the ordinary beam.
In theoretical calculations we take into account extinction and

neglect the multiple reflections on the boundaries LC-glass. The solid
lines in Figure 5 are calculated according to the following expressions

Ið1Þr ¼ I0Rk½1þ a2ð1� RkÞ2�; I
ð1Þ
t ¼ I0að1� RkÞ2; a < a�; ð3:20Þ

Ið1Þr ¼ I0; I
ð1Þ
t ¼ 0; a > a�: ð3:21Þ

Here I0 is the intensity of the incident light, I
ð1Þ
r and I

ð1Þ
t are intensities

of reflected and transmitted ordinary beam respectively,
Rk ¼ tan2ðv� aÞ= tan2ðvþ aÞ is the reflection coefficient of the beam

FIGURE 6 The angular dependencies of the intensities of reflected (
) and
refracted (&) extraordinary beam; ~ is the total intensity. Solid lines are
calculations: (1) and (2) are I

ð2Þ
r and I

ð2Þ
t , (4) is I

ð2Þ
r for returned beam.
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with the polarization disposed in the incidence plane [22], a ¼
exp½�

R P=2
0 rð1ÞðhðzÞÞdlð1Þ�, rð1ÞðhðzÞÞ is the extinction coefficient of the

ordinary beam, dlð1Þ is the element of the beam trajectory.
Intensities of the reflected, I

ð2Þ
r , and transmitted, I

ð2Þ
t , extraordinary

beams can be written as

Ið2Þr ¼ I0R? þ I0R?ð1� R?Þ2 expð�2WðLÞÞ;

I
ð2Þ
t ¼ I0ð1� R?Þ2 expð�WðLÞÞ; a < a�

ð3:22Þ

and

Ið2Þr ¼ I0R? þ I0ð1� R?Þ2 expð�2Wðz�ÞÞ; I
ð2Þ
t ¼ 0; a > a�; ð3:23Þ

where R? ¼ sin2ðv� aÞ= sin2ðvþ aÞ is the reflection coefficient of the
beam with the polarization perpendicular to the incidence plane
[22], WðbÞ ¼

R b
0 rð2ÞðhðzÞÞdlð2ÞðzÞ; rð2ÞðhðzÞÞ is the extinction coefficient

of the extraordinary beam, dlð2ÞðzÞ is the linear element of the extra-
ordinary beam trajectory. The solid lines in Figure 6 are calculated
by Eqs. (3.22), (3.23).

Since our LC is nematic-like for the scale of the order of k we use the
formula for the extinction coefficient in nematic LC [25–27]. The
Frank modules are taken as K11 ¼ 1:2 � 10�6 dyn, K22 ¼ 0:4 � 10�6

dyn, K33 ¼ 0:99K11.

4. THE GREEN’S FUNCTION

The wave equation (3.2) in the integral form is written as

EðrÞ ¼ E0ðrÞ þ k2
0

Z bTT0
ðr; r0Þdêeðr0ÞEðr0Þdr0: ð4:1Þ

The electric field E0ðrÞ is the solution of the wave equation (3.2) for
equilibrium permittivity êe0. The Green’s function of electromagnetic

field bTT0
ðr; r0Þ obeys the equations

ðcurl curl� k2
0êe

0ðzÞÞ bTT0
ðr; r0Þ ¼ dðr� r0ÞbII: ð4:2Þ

Here bII is the unit matrix.
As far as our medium is homogeneous in the xy plane it is suitable to

perform the transverse Fourier transformation. The corresponding

problem (4.2) for the field of the point source bTT0
ðq; z; z1Þ is reduced

to a set of equations

bLLðzÞ bTT0
ðq; z; z1Þ ¼ dðz� z1ÞbII; ð4:3Þ
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where

LabðzÞ ¼ ðezaezb � dabÞ
@2

@z2
þ iðqaezb þ qbezaÞ

@

@z
þ ðq2dab � qaqbÞ � k2

0e
0
abðzÞ

is the linear differential operator of the second order. For convenience
we consider here q as a three-dimensional vector with qz component
being equal to zero, qz ¼ 0. Thus the calculation of the Green’s func-
tion leads to solution of the system of nine differential equations with
periodic coefficients. The principle of radiation determining the beha-
vior of the solution at z! þ1 and z! �1 is chosen as boundary
conditions. The solution of the inhomogeneous equation (4.3) is
constructed as the superposition of solutions of the corresponding
homogeneous equation (3.9) in the regions z > z1 and z < z1. The coef-
ficients of the superposition are chosen so as to ensure the corre-
sponding singularity in the right hand side of Eq. (4.3). The
asymptotics of the Green’s function in the far zone for the case
X >> 1 has the form [23]

bTT0
ðq; z; z1Þ ¼ bTTð1Þðq; z; z1Þ þ bTTð2Þðq; z; z1Þ; ð4:4Þ

where

T
ðjÞ
abðq; z; z1Þ ¼ BðjÞðq; zÞBðjÞðq; z1ÞeðjÞa ðq; zÞeðjÞb ðq; z1Þ

� exp i

Z z

z1

kðjÞz ðq; z0Þdz0
���� ����� �

; ð4:5Þ

for j ¼ 1; 2. Polarizations in Eq. (4.5) are chosen in the following way.
For z � z1 we have

eðjÞa ðq; zÞ ¼ e
ðjÞ
þaðq; zÞ; e

ðjÞ
b ðq; z1Þ ¼ e

ðjÞ
�bðq; z1Þ:

For z < z1, we have

eðjÞa ðq; zÞ ¼ eðjÞ�aðq; zÞ; e
ðjÞ
b ðq; z1Þ ¼ e

ðjÞ
þbðq; z1Þ:

In order to get the Green’s function in the coordinate presentation
it is necessary to perform inverse two-dimensional Fourier transform-
ation. The integrals can be calculated by the stationary phase
method.

Let us estimate the fraction of the energy Ct of the extraordinary
wave captured in the channel from the point-like source situated in
the origin of the coordinate frame (see Fig. 3 beams (2b) and (2c)). This
value is of the order of the fraction of the solid angle ht forming
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by the beams outgoing into the channel to the total solid angle 4p. For
positive directions, z > 0 the beams in the channel are radiated in the
range of angles v�0 	 v 	 p=2 where the minimal angle v�0 is determined
by condition nð2Þ ¼

ffiffiffiffiffi
e?
p

. The solid angle ht has the form

ht ¼ 2

Z 2p

0

d/i

Z p=2

v�
0

sin v dv

 !
: ð4:6Þ

Here factor 2 is introduced in order to take into account beams
propagating in the negative direction, z < 0. Calculating integrals
(4.6) we get

Ct �
ht

4p
¼ 2

p
arctan

ffiffiffiffiffi
ea
pffiffiffiffiffi

e?
p : ð4:7Þ

For e? ¼ 2:28 and ek ¼ 2:86 used in calculation, Figure 3, the fraction
of the energy outgoing into the wave guide channel is Ct 
 0:30.

5. SINGLE LIGHT SCATTERING

The second term in the right hand side of Eq. (4.1) corresponds to the
scattered field EðsÞ, produced by the incident field E0. Solving this
equation by iterations and restricting ourselves to the lowest order
in dêe we obtain the scattered field EðsÞ in the Born (single-scattering)
approximation

EðsÞðrÞ ¼ k2
0

Z bTT0
ðr? � r0?; z; z0Þdêeðr0ÞE0ðr0Þdr0: ð5:1Þ

In the first order the permittivity fluctuations in CLC have the form

deabðrÞ ¼ eaðn0
aðzÞdnbðrÞ þ dnaðrÞn0

bðzÞÞ: ð5:2Þ

The properties of the scattered light are determined by the function of
coherence

hEðsÞa ðr1ÞEðsÞ�b ðr2Þi ¼ k4
0

Z
T0

acðr1? � r01?; z1; z01ÞT0�
bf ðr2? � r02?; z2; z02Þ

� Gcnflðr01; r02Þ E0
nðr01ÞE

0�
l ðr02Þdr01dr02; ð5:3Þ

where

Gcnflðr01; r02Þ ¼ hdecnðr01Þde�flðr02Þi
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is the permittivity correlation function. Due to CLC symmetry we
have bGGðr01; r02Þ � bGGðr01? � r02?; z01; z02Þ:

Thus for calculation of the coherence function (5.3) of the system it is
necessary to know the normal waves which determine the field E0,
the Green’s function bTT0

, and the correlation function of the permit-

tivity fluctuations bGG.
The relationship between correlation function of the permittivity

fluctuations and correlation function of the director fluctuations (2.3) is:

Gabcdðr?; z; z0Þ ¼ e2
a½n0

aðzÞn0
c ðz0Þgbdðr?; z; z0Þ þ n0

aðzÞn0
dðz0Þgbcðr?; z; z0Þ

þ n0
bðzÞn0

c ðz0Þgadðr?; z; z0Þ þ n0
bðzÞn0

dðz0Þgacðr?; z; z0Þ�: ð5:4Þ

For the scattering medium with the periodic inhomogeneities and
the homogeneous environment the normal waves and the Green’s func-
tion inside and outside the scattering volume are essentially different.
In particular the incident and the scattered waves can be considered as
plane waves outside the medium only, so the effect of the boundary is
important.

In order to overcome this obstacle for the scattering problem in
the medium with one-dimensional inhomogeneities we suggest the
Kirchhoff method. The problem is solved in three stages. 1. The
scattered field is calculated inside the medium in the ðq; zÞ represen-
tation. 2. We recalculate the scattered field in the boundary outside
the medium into that in the outside space. 3. The coordinate rep-
resentation of the field in the outside area is calculated on the
basis of its value in the boundary outside the medium in ðq; zÞ
representation.

We assume that the scattering volume is the plane layer, 0 	 z 	 L,
with a large transverse size L?>L (Fig. 7). The incident plane wave
starts from z ¼ �1 and the scattered field is recorded in the region
z > L, i.e., in the positive half-space. The latter is not essential as
far as scattering in the negative half-space, z < 0, can be considered
in a similar way. Let the incident field be a plane wave with the
wave vector kðiÞ. The scattered wave has the wave vector kðsÞ and is
measured in the far zone. The scattering volume is embedded in
homogeneous environment with permittivity e0.

Due to the identity k2
z þ k2

? ¼ k2
0e0 which is valid outside the strati-

fied medium the total wave vector k is determined by the component
k? and the sign of the kz component. Therefore it is sufficient to define
the vector k

ðiÞ
? and direction of the incident wave, positive or negative,

with respect to z. The latter is valid for the wave vector k
ðsÞ
? too.
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Below indices ‘‘in’’ and ‘‘out’’ refer to the values inside and outside of
the inhomogeneous medium respectively.

5.1. Kirchhoff Method

Let us consider an arbitrary inhomogeneous specimen C bordering
with closed surface R situated outside in a homogeneous medium.
The electromagnetic field outside the inhomogeneous specimen,
EðrÞ ¼ EoutðrÞ, satisfies the wave equation

ðcurl curl� k2
0e0ÞEðrÞ ¼ 0: ð5:5Þ

It is easy to notice that the system of the three equations (5.5) is
equivalent to the system

ðDþ k2
0e0ÞEaðrÞ ¼ 0

divEðrÞ ¼ 0:

�
ð5:6Þ

The second equation means that the electromagnetic field is transversal.
The Green’s function Tðr; r0Þ ¼ Toutðr; r0Þ; r; r0 =2C, for each compo-

nent EaðrÞ satisfies the equation

ðDþ k2
0e0ÞTðr; r0Þ ¼ �dðr� r0Þ: ð5:7Þ

Equation (5.7) does not define the function Tðr; r0Þ uniquely and
additional boundary conditions are required. If we take TjR ¼ 0 as
the boundary condition then the field EaðrÞ in the observation point

FIGURE 7 Geometry of light scattering.

Propagation and Scattering of Light 19=[371]

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
4:

41
 0

9 
A

ug
us

t 2
01

2 



may be expressed in terms of the field Eaðr0Þ on the surface R. Accord-
ing to the Kirchhoff-Helmholtz integral theorem [28],

EaðrÞ ¼ �
Z

R
d2r0Eaðr0Þrr0Tðr; r0Þ � sðr0Þ: ð5:8Þ

where sðr0Þ is the external normal to the surface R in the r0 point.
The expression for the Green’s function satisfying the condition

TjR ¼ 0 depends on the form of the specimen. For simplicity we shall
consider the surface R as a piece of the plane z ¼ L with a large trans-
verse size L? closed by a large hemisphere. If the Green’s function
Tðr; r0Þ satisfies the radiation condition in the infinity then the contri-
bution of the hemisphere to integral (5.8) tends to zero with increasing
of its radius. In this case the boundary condition TjR ¼ 0 in our geometry
is reduced to Tjz¼L ¼ 0, and using the mirror image method we get

Tðr; r0Þ ¼ 1

4p
eikjr�r0j

jr� r0j �
eikjr�r01j

jr� r01j

� �
; ð5:9Þ

where r01 is the mirror image of r0 point with respect to the boundary
plane z ¼ L.

Let us suppose that the field is measured in the point
r ¼ ðr?; zÞ; z� L>L?. Then in both terms of Eq. (5.9) we can use
the plane wave approximation of the form

eikjr�r0 j

jr� r0j 

eikr

r
e�ikðsÞ�r0 : ð5:10Þ

As far as in our geometry sðr0Þ � rr0 ¼ �@=@z0, we get from Eq. (5.8)

EðrÞ ¼ �ik0
ffiffiffiffi
e0
p

2p
eikr

r

z

r
e�ik

ðsÞ
z L bPPðrÞEðkðsÞ? ; LÞ: ð5:11Þ

In order to fulfil the condition div E ¼ 0 we multiplied the field by the
projector

bPPðrÞ ¼ bII � r� r

r2
;

providing the field to be transversal in the far zone. This way we get
the vector analog of the Kirchhoff formula.

Now due to relation e
ðsÞ
a Pab ¼ e

ðsÞ
b we obtain the intensity of the

scattered field with polarization eðsÞ

I ¼
ffiffiffiffi
e0
p

c

8p
k2

0e0

4p2

1

r2

z

r

� �2
eðsÞ �EðsÞoutðk

ðsÞ
? ;LÞ

��� ���2� 	
: ð5:12Þ
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Thus the scattered field in ðq; zÞ representation in the boundary
outside the media, E

ðsÞ
out, is required for the following calculations.

5.2. Boundary Conditions

The transverse components of the wave vectors and the fields do not
change when the waves pass through the boundaries

E
ðiÞ
out?ðk

ðiÞ
? ; 0Þ ¼ E

ðiÞ
in?ðk

ðiÞ
? ; 0Þ;

E
ðsÞ
out?ðk

ðsÞ
? ; LÞ ¼ E

ðsÞ
in?ðk

ðsÞ
? ; LÞ:

ð5:13Þ

The z components of the fields could be obtained from the condition for
the induction vector divD ¼ 0. This condition gives

D
ðiÞ
out zðk

ðiÞ
? ; 0Þ ¼ D

ðiÞ
in zðk

ðiÞ
? ; 0Þ;

D
ðsÞ
out zðk

ðsÞ
? ; LÞ ¼ D

ðsÞ
in zðk

ðsÞ
? ; LÞ:

ð5:14Þ

So we can write the boundary conditions in the form

E
ðiÞ
in ðk

ðiÞ
? ; 0Þ ¼ bMMout!in

ðkðiÞ? ; 0ÞEðiÞoutðk
ðiÞ
? ; 0Þ;

E
ðsÞ
outðk

ðsÞ
? ; LÞ ¼ bMMin!out

ðkðsÞ? ; LÞEðsÞin ðk
ðsÞ
? ; LÞ:

ð5:15Þ

Here bMMout!in
and bMMin!out

are transformation matrices which can be
calculated from Eqs. (5.13) and (5.14). We get

bMMout!in
¼ ddiagdiagð1; 1; e0=e?Þ;bMMin!out
¼ ð bMMout!in

Þ�1;
ð5:16Þ

where ddiagdiag denotes the diagonal matrix.

5.3. Scattering of Light

For stratified media with boundaries parallel to the layers the wave
inside the medium has the form

E
ðiÞ
in ðrÞ ¼ E

ðiÞðkðiÞ? ; zÞeik
ðiÞ
? �r? ; ð5:17Þ

where EðiÞðkðiÞ? ; zÞ is determined by the properties of the stratified
medium and also by polarization and amplitude of the incident wave.
In case P>k the function EðiÞ is determined by Eqs. (3.9), (3.13).

From Eqs. (5.1), (5.17) we obtain the scattered field E
ðsÞ
in ðk

ðsÞ
? ; LÞ at

the boundary z ¼ L inside the specimen
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E
ðsÞ
in ðk

ðsÞ
? ; LÞ ¼ k2

0

Z L

0

dz0 bTT0
ðkðsÞ? ; L; z0ÞdêeðkðsÞ? � k

ðiÞ
? ; z0ÞEðiÞðkðiÞ? ; z0Þ:

ð5:18Þ

From Eqs. (5.15), (5.18) and relation hdêeðk?; zÞ � dêe�ðk?; z0Þi ¼
S? bGGðk?; z; z0Þ we obtain the intensity of the single light scattering out-
side the specimen (5.12) in the form

I ¼
ffiffiffiffi
e0
p

c

8p
k6

0e0

4p2

S?
r2

z

r

� �2
eðsÞa eðsÞc Min!out

ab Min!out
cd

Z L

0

dz1

Z L

0

dz2

� T0
bqðk

ðsÞ
? ; L; z1Þ T0�

duðk
ðsÞ
? ; L; z2ÞGqnulðkðsÞ? � k

ðiÞ
? ; z1; z2Þ

� EðiÞn ðk
ðiÞ
? ; z1ÞEðiÞ�l ðk

ðiÞ
? ; z2Þ; ð5:19Þ

where S? is the cross-section area of the specimen.
We restrict our treatment to the case when the polarization of the

incident light inside the medium has only one of two possible types

of waves E
ðiÞ
in ðrÞ, Eq. (3.9). Otherwise the summation over polarizations

(i) should be performed for the field inside the medium. In a similar
way the scattered light outside the medium corresponds only to one
type of the scattered wave inside the medium, E

ðsÞ
in ðrÞ. So in what fol-

lows it is possible to omit the summation over (s) for the field inside the
medium. Thus indices (i) and (s) take values 1, 2 dependent on types of
the incident and scattered waves.

6. LIGHT SCATTERING INTENSITY IN CLC WITH LARGE PITCH

Substituting expressions for the incident field, Eqs. (3.9), and
the Green’s function, Eq. (4.5), into Eq. (5.19) we get the scattering
intensity

I
ðsÞ
ðiÞ ¼ J0

z

r

� �2
jBðsÞðkðsÞ? ; LÞj2 Vsc

r2L

Z L

0

dz1

Z L

0

dz2 exp i

Z z2

z1

qðscÞ
z ðz0Þdz0

� �
� AðiÞðkðiÞ? ; z1ÞAðiÞ�ðkðiÞ? ; z2ÞBðsÞðkðsÞ? ; z1ÞBðsÞ�ðkðsÞ? ; z2Þ
� eðsÞq ðk

ðsÞ
? ; z1ÞeðsÞu ðk

ðsÞ
? ; z2ÞGqnulðqðscÞ

? ; z1; z2ÞeðiÞn ðk
ðiÞ
? ; z1Þ

� eðiÞl ðk
ðiÞ
? ; z2Þ; ð6:1Þ

where q
ðscÞ
? ¼ k

ðsÞ
? � k

ðiÞ
? , q

ðscÞ
z ðzÞ ¼ k

ðsÞ
z ðkðsÞ? ; zÞ � k

ðiÞ
z ðkðiÞ? ; zÞ,
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J0 ¼
ffiffiffiffi
e0
p

c

8p
k6

0e0

4p2
eðsÞa eðsÞc Min!out

ab ðkðsÞ? ; LÞMin!out
cd ðkðsÞ? ; LÞ

� e
ðsÞ
b ðk

ðsÞ
? ; LÞeðsÞd ðk

ðsÞ
? ; LÞ

and Vsc ¼ S?L is the scattering volume. Using the first equation in
(5.16) we can calculate the field E

ðiÞ
0 in inside the medium through the

field E
ðiÞ
0 out outside the medium:

E
ðiÞ
0 in ¼ E

ðiÞ
0 out e

ðiÞ2
out? þ

e2
0

e2
?

e
ðiÞ2
out z


 ��1=2

;

where e
ðiÞ
out is the polarization vector of the incident field outside the

medium.
Integral (6.1) contains rapidly oscillating factor exp

�
i
R z2

z1
q
ðscÞ
z ðz0Þdz0



.

As far as the vicinity of the line z1 ¼ z2 yields the main contribution to
the asymptotic behavior of the integral (6.1) it is convenient to intro-
duce new variables zþ ¼ ðz1 þ z2Þ=2 and z� ¼ z2 � z1. Expanding the
phase function in series near the line z� ¼ 0 up to the terms of the first
order we have Z zþþz�=2

zþ�z�=2
qðscÞ

z ðz0Þdz0 
 qðscÞ
z ðzþÞz�: ð6:2Þ

This approach is valid for q
ðscÞ
z P>1. The correlation function (2.19)

contains rapidly decaying factors exp �q
ðscÞ
?
R z2

z1
ljðzÞdz

��� ���h i
. Therefore

the approach is valid not only for q
ðscÞ
z P >> 1 but also for q

ðscÞ
z P � 1,

q
ðscÞ
? P >> 1, i.e., finally for qðscÞP >> 1.

Functions AðiÞðkðiÞ? ; zÞ, BðsÞðkðsÞ? ; zÞ and e
ðs;iÞ
b ðkðs;iÞ? ; zÞ vary slowly

compared to the rapidly oscillating function exp½iqðscÞ
z ðzþÞz��. Therefore

it is possible to substitute zþ instead of z1 and z2 into these functions.
We can expand the region of integration over the z� variable within
the limits �1 and for the correlation function we get the Fourier
image ĜGðqðscÞ

? ; q
ðscÞ
z ðzþÞ; zþÞ.

Thus the intensity of light scattering has the form

I
ðsÞ
ðiÞ ¼ J0

z

r

� �2
jBðsÞðkðsÞ? ; LÞj2 Vsc

r2L

Z L

0

dzþjAðiÞðkðiÞ? ; zþÞj2jBðsÞðkðsÞ? ; zþÞj2

� eðsÞq ðk
ðsÞ
? ; zþÞeðsÞu ðk

ðsÞ
? ; zþÞGqnulðqðscÞðzþÞ; zþÞ

� eðiÞn ðk
ðiÞ
? ; zþÞeðiÞl ðk

ðiÞ
? ; zþÞ; ð6:3Þ

where qðscÞðzÞ ¼ ðqðscÞ
? ; q

ðscÞ
z ðzÞÞ.
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In all slowly varying factors of ĜGðq; z1; z2Þ we substitute z1 and z2 by
zþ. We restrict ourselves by the term linear in z� in the exponential
factors. In this case Eq. (5.4) takes the form

GabcdðqðscÞðzÞ; zÞ ¼ e2
a½n0

aðzÞn0
c ðzÞgbdðqðscÞðzÞ; zÞ

þ n0
aðzÞn0

dðzÞgbcðqðscÞðzÞ; zÞ
þ n0

bðzÞn0
c ðzÞgadðqðscÞðzÞ; zÞ

þ n0
bðzÞn0

dðzÞgacðqðscÞðzÞ; zÞ�; ð6:4Þ

where

gabðqðscÞðzÞ; zÞ ¼ kBT

2q
ðscÞ
? K33 cos2 /ðzÞ

X2

j¼1

Z 1
�1

dz�

� exp iqðscÞ
z ðzÞz� � q

ðscÞ
? ljðzÞjz�j

� �
� f ðjÞa ðq

ðscÞ
? ; z; z�Þf ðjÞb ðq

ðscÞ
? ; z; z�Þ: ð6:5Þ

Performing integration over z� and summation over j in Eq. (6.5) we
get

gabðqðscÞðzÞ; zÞ ¼ kBT
X2

j¼1

ejaðqðscÞ; zÞejbðqðscÞ; zÞ
Kjj½qðscÞ2 � ðqðscÞ � n0Þ2� þ K33ðqðscÞ � n0Þ2

;

ð6:6Þ

where

e2ðqðscÞðzÞ; zÞ ¼ qðscÞ � n0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qðscÞ2 � ðqðscÞ � n0Þ2

q ;

e1ðqðscÞðzÞ; zÞ ¼ n0 � e2ðqðscÞ; zÞ:

ð6:7Þ

Substituting Eq. (6.6) into Eq. (6.4) we get the correlation function of
permittivity fluctuation in CLC

GqnulðqðscÞðzÞ; zÞ ¼
X2

j¼1

kBTe2
a

KjjqðscÞ2 þ ðK33 � KjjÞðqðscÞ � n0ðzÞÞ2

� ðejnðqðscÞ; zÞn0
qðzÞ

þ ejqðqðscÞ; zÞn0
nðzÞÞðejlðqðscÞ; zÞn0

uðzÞ
þ ejuðqðscÞ; zÞn0

lðzÞÞ: ð6:8Þ
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Thus in the problem of light scattering it is possible to restrict
ourself to the expression (6.8) for the correlation function if the
inequalities

q>q0; z1 � z2j j<q=q2
0 ð6:9Þ

are fulfilled.
Substituting Eq. (6.8) into Eq. (6.3) we get for the light scattering

intensity

I
ðsÞ
ðiÞ � IðeðiÞ;eðsÞÞ ¼ J0kBTe2

a

z

r

� �2
jBðsÞðkðsÞ? ;LÞj

2 Vsc

r2L

Z L

0

dz

�
X
j¼1;2

jAðiÞðkðiÞ? ; zÞj
2jBðsÞðkðsÞ? ; zÞj

2

KjjqðscÞ2 þ ðK33 � KjjÞðqðscÞ � n0Þ2

� ðej � eðiÞÞðn0 � eðsÞÞ
h
þ ðej � eðsÞÞðn0 � eðiÞÞ

i2
; ð6:10Þ

where n0 ¼ n0ðzÞ;eðiÞ ¼ eðiÞðkðiÞ? ; zÞ;eðsÞ ¼ eðsÞðkðsÞ? ; zÞ;ej ¼ ejðqðscÞ; zÞ;
qðscÞ ¼ qðscÞðzÞ. Comparing the applicability conditions for Eqs. (6.3)
and (6.8) we finally get that Eq. (6.10) is valid for q

ðscÞ
? P>1.

6.1. The Basic Scattering Geometries

Let us analyze the light scattering intensities for various polariza-
tions. In what follows we use the notations (o) and (e) for ordinary
and extraordinary beams. In this system there exist four types of scat-
tering, (i)–(s).

The scattering of the (o)–(o) type is absent since the polarization vec-
tor of the ordinary beam is perpendicular to the director, n0 � eð1Þ ¼ 0.
So for the (o)–(o) scattering it is valid that n0 � eðiÞ ¼ 0; n0 � eðsÞ ¼ 0
and hence the scattering intensity (6.10) goes to zero. This situation
is similar to that for the nematic liquid crystal.

In the case of (o)–(e) scattering there is only one nonzero term in
brackets of Eq. (6.10). So we get

Iðeð1Þ;eð2ÞÞ ¼ J0kBTe2
a

z

r

� �2
jBð2ÞðkðsÞ? ;LÞj

2E
ð1Þ2
0

Vsc

r2L

Z L

0

dz

� jBð2ÞðkðsÞ? ; zÞj2ðn0ðzÞ � eð2ÞðkðsÞ? ; zÞÞ2

�
X
j¼1;2

ejðqðscÞ; zÞ � eð1ÞðkðiÞ? ; zÞ
h i2

KjjqðscÞ2ðzÞ þ ðK33 �KjjÞðqðscÞðzÞ � n0ðzÞÞ2
: ð6:11Þ
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Intensity of the (e)–(o) scattering can be obtained from (o)–(e)
scattering intensity if we substitute eð1Þ*)eð2Þ and kðsÞ*)kðiÞ.

For (e)–(e) scattering both terms in brackets of Eq. (6.10) contribute
in general to the intensity,

Iðeð2Þ;eð2ÞÞ ¼ J0kBTe2
ajBð2Þðk

ðsÞ
? ;LÞj

2E
ð2Þ2
0

jBð2ÞðkðiÞ? ; 0Þj
2

z

r

� �2 Vsc

r2L

�
Z L

0

dzjBð2ÞðkðsÞ? ; zÞj2jBð2ÞðkðiÞ? ; zÞj2

�
X
j¼1;2

1

KjjqðscÞ2ðzÞ þ ðK33 � KjjÞðqðscÞðzÞ � n0ðzÞÞ2

� ðejðqðscÞ; zÞ � eð2ÞðkðiÞ? ; zÞÞðn0ðzÞ � eð2ÞðkðsÞ? ; zÞÞ
h
þ ðejðqðscÞ; zÞ � eð2ÞðkðsÞ? ; zÞÞðn0ðzÞ � eð2ÞðkðiÞ? ; zÞÞ

i2
: ð6:12Þ

The application of the WKB approximation imposes restrictions on
the scattering geometries. First of all the scattering angle c between
vectors k

ðiÞ
? and k

ðsÞ
? is not small, (c>q0=k0 � k=P), since q

ðscÞ
? P >> 1

in Eq. (6.10). Moreover the angles between the z axis and the wave
vectors of the incident and scattered waves for the extraordinary beam
can not be close to 90� due to the effect of the beam capture in the plane
wave channel. At last there is a restriction on the thickness of CLC,
L<k0=q

2
0 � pP2=k, it is the consequence of the second inequality

(6.9). From the latter inequality it follows that obtained equations
are valid to the region of thickness from a rather thin CLC up to that
containing many pitches.

We calculate the light scattering intensities Iðeð1Þ;eð2ÞÞ and
Iðeð2Þ;eð2ÞÞ for the geometry shown in Figure 7. The results are repre-
sented as the intensity distribution on a flat screen, normal to the z
axis. We choose the following CLC parameters: ea ¼ 1:0, e? ¼ 2:5,
K11 ¼ 3:0 � 10�6 dyn; K22 ¼ 2:0 � 10�6 dyn, K33 ¼ 5:0 � 10�6 dyn, the
ratio of the CLC thickness to the pitch L=P is equal to 1=4; the angle
/i between the vector k

ðiÞ
? and the vector director of the beam entering

the CLC at z ¼ 0 is set to be /i ¼ p=4. Figure 8 shows the intensity of
the scattered light for the angle of incidence p=4 with respect to the z
axis. For both types of scattering the intensity is maximal in the region
of small scattering angles, hsc ¼ ffðkðsÞ;kðiÞÞ 
 0. One can see that this
region for (o)–(e) scattering is wider than for the (e)–(e) type. The
intensity of (e)–(e) scattering for kðsÞ 
 kðiÞ formally tends to infinity
whereas for the (o)–(e) case it is finite. Here we do not consider the
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region
��kðsÞ � kðiÞ

��. q0 (the white spot in the Figure 8(b)), since our
approach is not applicable in this region.

7. CONCLUSION

We have considered the problem of light propagation and scattering in
cholesterics with the large pitch. In a helical medium the incident
plane wave is transformed inside the scattering system into a normal

FIGURE 8 The logarithm of the light scattering intensity (a) for (o)–(e) and
(b) (e)–(e) types of scattering. All magnitudes are expressed in relative units.
Coordinates x and y are measured in distances between the slab and the
screen D.
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wave of the helical medium which is not plane. The Green’s function,
i.e. the field of a point source, has a complex form as well. In parti-
cular, it depends on positions of the source and the receiver separately.
Moreover, the Green’s function has forbidden zones, i.e. regions where
the wave can not penetrate. The trajectory and the polarization vector
of the wave change in a rather complicated way. Besides, for certain
directions the wave returns back and as a result a wave guide propa-
gation takes place. The spatial correlation function of the permittivity
tensor fluctuations resulting from the director fluctuations is not
determined by the difference of the coordinates only, but essentially
depends on their projections to the helical axis. In the present paper
we have analyzed all these factors for CLC with the large pitch and
have obtained the expressions for the light scattering intensity in a
closed form.
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