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Propagation and Scattering of Light in Helical Liquid
Crystals with Large Pitch

E. V. Aksenova
Saint Petersburg State University, Research Institute of Physics,
St. Petersburg, Russia

The problems of light propagation and scattering in twisted nematic and
cholesteric liquid crystals are considered. We study the correlation function of
the director fluctuations, the eigenwaves, and the Green’s function for helical
liquid crystals with the pitch, which significantly exceeds the wavelength of light.
The obtained results make possible to describe angular and polarization depen-
dencies in scattered light, the wave-guide channel formation, the turning points
and the effect of percolation through the forbidden zone.

Keywords: helical liquid crystal; scattering of light; spatial correlation function;
wave-guide channel

1. INTRODUCTION

Light scattering technique is one of the effective methods for studying
of the liquid crystal (LC) systems. Scattering of light is usually
considered under the assumption that the medium is spatially homo-
geneous, or fluctuations and the propagation of waves in inhomoge-
neous media are described on the basis of small parameters. The
problem becomes more complicated when the spatial homogeneity of
the medium is violated considerably. This leads to several problems
such as the description of the structure of the normal waves, the calcu-
lation of the Green’s function of the electromagnetic field, and analysis
of the correlation function of permittivity fluctuations. Typical exam-
ples are the problems of propagation and scattering of light in media
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with periodically varying properties. Such media include cholesteric
liquid crystals (CLC), twisted nematic liquid crystals, and some kinds
of smectic liquid crystals.

The exact solution of the problem of electromagnetic waves
propagation in CLC was obtained only for waves propagating along
the symmetry axis of the system [1-3]. The formal analytic solution
for the problem in the case of oblique incidence [4,5] has the form of
an infinite series and is difficult for an analysis. Therefore, various
approximate methods are widely used in the optics of layered liquid
crystals [6,7]. The main attention is paid to the situation when the
wavelength is of the order of the pitch. In this case methods developed
in X-ray diffraction theory are effective [7].

Such an approach remains most popular for CLC up to now [8-11].
The problems with the normal waves and the field of a point source
[12] as well as the spectrum of the thermal fluctuations of the director
[13,14] have been investigated using this method.

The opposite case, when the wavelength is much less than the pitch,
has been studied insufficiently. However, this problem has become
important in recent years in connection with application of nematic
twist cells and CLC with a large pitch in display systems [15].

If light propagates along the axis of a helix, the adiabatic regime
takes place, then the polarization of waves rotates together with the
optical axis. In the general case of oblique incidence for systems with a
large pitch it is natural to use the WKB (Wentzel-Kramers-Brillouin)
method since the size of inhomogeneities is much larger than the wave-
length. It is difficult to apply the WKB method for electromagnetic
waves directly since this gives rise to a system of coupled equations. This
problem was solved in [16,17] for electromagnetic waves propagating in
locally isotropic media with smooth inhomogeneities. For CLC with the
large pitch the generalization of the WKB method was suggested in [18].

In this work we developed a general scheme of calculation of light
scattering intensity in CLC with the pitch significantly exceeding
the wavelength. The approach based on the Kirchhoff method provides
explicit expressions for angular and polarization dependencies of
single light scattering intensity.

2. CORRELATION FUNCTION OF THE DIRECTOR
FLUCTUATIONS

The elastic free energy of the cholesteric liquid crystal has the
form [19]

F :% / dr[Ky1(divn)® + Ky (n-curln+qo)? + Ksz(n x curln)?], (2.1)
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where K;;({=1,2,3) are the Frank modules. Here we consider the
situation when the CLC is unbounded or the surface energy is
negligible compared to the volume part of the energy. The unit vector
director n=n(r) describes the local orientation of the long axes of
molecules. In the equilibrium the energy (2.1) is minimal for helical
distribution of the director

n’(r)=n’(z) = (cos ¢, sin ¢, 0). (2.2)

Here we introduced the frame with the z axis directed along the CLC
axis, ¢ = ¢(z) =qoz + ¢y, the angle ¢, determines the orientation of the
director in the plane z=0, go =2n/P, P is the pitch.

The spatial correlation function of the director fluctuations is
determined as

8up(T1L — T21;21,22) = (0n,4(r11,21)0np(ra1,22)), (2.3)
where
on(r) =n(r) —n°(2) (2.4)

and the brackets (...) designate the statistical averaging.

In order to calculate the correlation function of the director
fluctuations in the Gaussian approximation we restrict ourself to the
quadratic terms over Jn in the free energy (2.1)

5F:%/dﬂkﬂaram2+xﬂm94vxamf
+ Ks3[(on - V)n° + (n° - V)on]?}. (2.5)

Here we take into account the relations divn®=0 and curl
n’ = —qon° which are valid for the helical structure (2.2). As far as
In| = n° = 1 the condition én L n° is valid in the first order in dn.
Therefore on can be parameterized by two functions [13,14]:

one(r) = —u () sin (2),
ony(r) = ui(r) cos ¢(z), (2.6)
5nz(r) = u2(r)'

The modes u; and us determine the director fluctuations in the xy

plane and along the z axis respectively. In vector notations we can
write

on(r) = u(r)hY(2) + uy(r)h®, (2.7)



Downloaded by [University of Haifa Library] at 14:41 09 August 2012

4/[356] E. V. Aksenova

where
hV(z) =h® xn’z), h® =e, (2.8)

and e, is the unit vector directed along the z axis.

From Eq. (2.7) we can express the correlation function of the
director fluctuations through the correlation matrix of the scalar
functions u1 2

2

8up(¥r1;21,22) Z Gr(ri;z1,22) h(k)(zl)h}”(zz), (2.9)
fyms]
where
Gu(ri —rei;21,22) = Gu(ry,re) = (Up(r)u(r2)). (2.10)

As far as in equilibrium CLC is spatially homogeneous in the plane
normal to the z axis we use a two-dimensional Fourier transformation.
Substituting Eq. (2.6) into Eq. (2.5) and completing two-dimensional
Fourier transformation we can get the distortion energy in the form

_ [ d%q
5F_/W5Fq. (2.11)

Integrating by parts and omitting the terms outside the integral we
present the value 0Fg as a quadratic form

6Fq = % / u’(q,2)A(q,2)u(q, z)dz (2.12)

with
u = (u1, ug)T.

The matrix A is a differential operator of the second order. In the
coordinate frame with the x axis directed along the q vector
(g« =q, g, = 0) it has the form

R 2 «in2 C _82 —igd,si
A=Ky q su? ¢ iq smz(j)ag Ky % 1q ‘s;n¢
1q0, sin ¢ —0; —igsin ¢9, ¢*%sin® ¢
2 cos? —igoQcos
+K33<f1 (l) 2 qozq ¢2>7 (213)
iqogcos ¢ g~ cos” ¢ +qj

where 0, = 0/0z, 9% = 9%/922.
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The probability of fluctuations is proportional to exp[—oFq/kgT]
where kp is the Boltzmann constant and T is a temperature. The
calculation of the correlation function leads to inversion of the A
matrix [20]. This procedure is equivalent to solution of the equation

,Z(q,z)@(q;z,zl) =kpTé(z — zl)f (2.14)

For unambiguous solution Eq. (2.14) has to be complemented by
boundary conditions. In the infinite system the principle of the
correlations decay, G(q,z z1) — 0 for z — 400, should be used as such
conditions.

The correlation function of the director fluctuations G(z z1) in CLC
with the large pitch was considered in detail in [21]. The matrix G
obeys the inhomogeneous system (2.14) of two differential equations
with periodic coefficients and decay condition at z — +co. Note that
for z # z; Eq. (2.14) is homogeneous. Primarily we solve the homo-
geneous equations for z >z; and z <z; and then we_construct the
correlation function using the continuity condition for G and the j jump
of its derivative for z = z;. The homogeneous equations can be solved
by using the vector analog of the WKB approximation. We finally
have for the G matrix

A ~(1) ~(2)
G(q;21,22) =G (q;21,22) + G (q;21,22), (2.15)
where
) kT _ /22 '
Gu (@21,22) = 2qK33 cos ¢(z1) cos ¢(22) xp( q ., Ki(2)dz
x 09 (q;21,22) 07" (@3 22, 21), (2.16)
where
.2 K33
wz) = \/sm (2) +K—cos2 Pz), [=1,2 (2.17)
1

0 (qiz,2) = (i sign(z - 2/) S0 m(z)) 7

(q;2.2) =< 15@), isign(z - 2) Sind)(g)).
He(2)

Summing over £ and [ in Eq. (2.9) and using Egs. (2.8), (2.15)—(2.18)
we get the correlation function of the director fluctuations in the form
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kT
8up(@i21,22) = 2qK3s3 cos ¢(21) cos ¢(z2) Z exp(

/ 2 w;(z)dz >

x f(qiz1,21 — 22)f) (q:22,22—21), (2.19)

where fV)(q;2,2—2') = 2r-12t (qaz Z)h™(z).

Note that the correlation functlon (2.19) grows in points where
cos ¢(212) in the denominator of Eq. (2.16) tends to zero. These points
occur in the region where the WKB approximation is violated.

The range of applicability of the WKB approximation is determined
by the inequality

;—0 > 1. (2.20)

The correlation function behavior in the vicinity of points where
inequality (2.20) is not fulfilled is based on methods which are used
for investigation of the turning points in the WKB method. We have
discussed this problem in detail in [21]. It is shown there that the
correlation function is finite in the points with cos¢(z1) =0 and
cos ¢(z2) = 0.

3. THE NORMAL WAVES

The permittivity tensor & describes the optical properties of choles-
terics. For CLC in equilibrium it has the form [19]

82/;(1‘) = sgﬁ(z) =&10.p + sang(z)n?;(z), (3.1)

where ¢, = ¢ — ¢, ¢|, ¢, are the permittivities along and perpendicu-
lar to n° respectively. In what follows we consider & > 0. In the
general case &(r) = &(r) + 0é(r) where Jé(r) is the fluctuation of the
permittivity tensor.

The wave equation in a non-magnetic medium for a monochromatic
wave is:

(curl curl — k2é(r))E(r) = 0, (3.2)

where E is electric field, kg = w/c, w is the circular frequency, ¢ is the
light velocity in vacuum.

Let us solve Eq. (3.2) for equilibrium CLC with the large pitch, A« P,
where /1 is the wavelength of light, so we have a large parameter Q

QZko/(]o :P/;L > 1.
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In this case it is reasonable to suppose that in each fixed point the
electric field has the form of a quasiplane wave

E(r) = A(r) exp(i¥(r)), (33)

where ¥(r) is the real phase, A(r) = A(r)e(r), e(r) is the unit vector of
polarization, e -e* =1, and A(r) is the real amplitude. Substituting
Eq. (3.3) into the wave equation (3.2) we get

V x VxA(r)+ik(r) x VxAr)+V x k(r) x A(r)]
~k(r) x k(r) x A(r) — k2 (r)A(r) =0, (3.4)

where the three-dimensional wave vector k(r) = VW¥(r) is introduced.

In comparison to the first term the second and the third terms are of
the order of Q, the fourth and the fifth terms are of the order of Q.
This hierarchy makes it possible to use the geometric optics approxi-
mation. If we keep the principal terms only (~Q?) then we get the
vector analog of the eikonal equation. In this approximation we can
calculate V¥ = k and the polarization vector e. The terms of the order
of Q yield the so-called transfer equation. This equation makes possi-
ble to determine the wave amplitude A(r).

According to Eq. (3.4) the eikonal equation has the form

k(r) x k(r) x e(r) + k2 (r)e(r) = 0. (3.5)

For each fixed point r Eq. (3.5) coincides formally with the equation
describing the propagation of plane waves in homogeneous anisotropic
media [22], so that it is possible to use well known results. Note that in
our case & (r) = &°(z) and the medium is homogeneous in the (x,y)
plane. Then k(r) = k(z) = (q,k.(2)).

Equation (3.5) for uniaxial homogeneous media for the fixed k
direction has two well known solutions corresponding to ordinary
and extraordinary waves. The module of the wave vector k has the
form

k(l) = ko\/s_ = k()l’l,(l)7

3.6)
@) () — / 2R _ (
k() = ko e +e4c0820 ko (2),

where 0 is the angle between n°(z) and k?(z), nay and np(2)
are refractive indices of the ordinary and extraordinary waves
respectively. In Eq. (3.5) polarization vectors e!)(z) and e®(z) corre-
sponding to these values of the k vectors are determined by
conditions
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eV () || k xn°

e?(2) || n°(ki’k) — k(ké’n®). (8.7)

Taking into account that cos0=k?(z) -nz)/k®(z)=q n°
(z)/k®(q,z) one can see that the second expression of Eq. (3.6) for
. . . . 2)
given g becomes an algebraic equation with respect to k;”(q, 2).
Thus we have

kN (q, 2) =k (q) = \/e kE — @2,

_ (3.8)
K (q, 2) = \/8|k% - (g m0e)”

So we get four solutions for the wave vector kg)(q, z) = (q,iké’)
(q, 2)). The signs “+” and “—” correspond to waves propagating
in the positive and the negative z-direction respectively. Figure 1
shows schematically two solutions (3.6) for a fixed q vector.

Thus we get four normal waves in the form

EY(r) =AY (q;z, z0)e! (q, z) exp (iq vyt / Y (q, z')dz'> (3.9)

The amplitudes AY)(q;z, z9) will be determined below.

2, [ K?

z' kY

X
nO(Z,) q

FIGURE 1 Two wave vectors kf) and k(f) corresponding to given q. Here
circle ¥; and ellipse Xy are the cross sections of the surfaces of ordinary and
extraordinary wave vectors by the plane containing the q vector and the z axis.
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From Eq. (3.2) the conservation law follows
div S =0, (3.10)
where

c

S®) = ko

k|E”> — E*(E - k)] (3.11)

is the Poynting vector [22]. For waves (3.9) we get
. c _ . . . .
S{(a,2) =g 1A (@2, 20)[k (9 2) ~ e (a, 2) (7 (0 2) KT (g, 2))].
(3.12)

In our case we have the conservation law in the form divS=20,S,
(q,2) =0. Therefore the component S,(q,z) does not depend on z.
Then the amplitudes AY)(q;z, zo) can be written in the form

. RU)
0 (qz. z) — g9 B (@ 2)
AV (q;z, 20) =E; BU(q, 20)’ (3.13)
where
BY)(q, 2) = ! Vi (3.14)

2kY) (q, z) ") (4, 2) €08 (a, 2)’

e1==¢1, &2 =¢|, 0(;)(q, ) is the angle between the EY and DY) = EV)
vectors. For the ordinary beam

cosdy =1,
for the extraordinary beam
(e@ie@)/2 ¢ sin®0+¢cos?0

CoSd(g) = p =T 5 .
@) \/gL sin 0—1—8” cos?0

In this case the constant Eg ) determines the initial amplitude of the
field in the plane z =z,. We omit the signs “=+” if results do not depend
on the sign.

Equations (3.6)—(3.14) have a clear physical meaning. They corre-
spond to the adiabatic regime of the wave propagation. These equa-
tions can be considered as generalization for the case of the oblique
incidence of the well known Mauguin solution [6]. Propagating
between planes z =2z, and z the normal wave with index j gains
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the phase f kY 1.(q, 2')dZ'. As long as vectors e(’)(q, zp) and eg) (q, 2)
do not coincide the polarization vector rotates in the wave propa-
gation process. The dependence of the amplitudes AY)(q;z,2z0) on z
in Eq. (3.13) is determined by the law of energy conservation for
the wave propagating in the inhomogeneous medium without absorp-
tion. The wave vectors k(’ (q, 2) in each fixed point of CLC are direc-
ted normally to the wave front. For the ordinary beam the wave
vectors k' ¥ —k ( ) do not depend on z, whereas the values and
the directions of the wave vectors of the extraordinary beams
kf) = k(f)(q, z) do depend on z. The directions of polarization vectors

eS’E)(q7 z) depend on z for both types of waves. For each vector gq the
wave vectors k'(q, z) are in the plane containing vectors q and e,
both for ordinary and extraordinary beams.

The tangent to the trajectory of the beam is parallel to the Poynting
vector S. Parameterizing the trajectory as (r,(z), z) we can write

dri(z) Si(z)
dz  S.(2)°

As far as 6¢) =0, sW(q, 2) || k'Y(q) and it does not depend on z.
Therefore the trajectory of the ordinary beam is a straight line parallel
to the wave vector k'V

In general di2) #0 and as it follows from analysis of Eq. (3.12) the
vector S ( q, ) as a function of z does not belong to the same plane.
Since our system is locally uniaxial, S I #k?. So

(3.15)

(3.16)

and Eq. (3.15) for the trajectory of the extraordinary beam designated
with sign “+” takes the form
dri(z) n°(z)qcosd(z)eq + QL
dz k7 (a, 2)e

(3.17)

Integrating Eq. (3.17) we get the trajectory of the beam

ri(z) =4 dez,+q/27dz’ . (3.18)
€1 Jo kéz)(q, z) 0 kéz)(q, 2')

A typical trajectory of the extraordinary beam calculated by Eq. (3.18)
is shown in Figure 2. One can see that the trajectory of the extraordi-
nary beam is helix like.
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z/P»
41
1 C< 1
05 0\ -05 x/P
5
10\ y/P

FIGURE 2 A trajectory of the extraordinary beam in CLC. The following
parameters were used ¢ = 2.3, ¢ = 2.0, the angle of incidence on the plane
z =0 is equal to n/4, and angle ¢, = —n/4. All distances are expressed in
terms of P.

Note, if kfe, < ¢* < k2¢ then the extraordinary beam can propagate
into the CLC in certain limits of z. The range of these values is determ-
ined by the inequality cos?® ¢(z) < &1 (k2e| — ¢%)/q%eq, for &, > 0. If this
inequality is violated k§2 becomes imaginary and the wave decays
exponentially. In this case the capture of the extraordinary beam in
CLC takes place [23]. From the physical point of view this effect
implies that the beam starts to deviate and in the point z = z*(q) the
component kf)(q, z) turns to zero changing then its sign. This effect
in some aspect is similar to total reflection from a surface inside the
medium. Since the refractive index is a periodical function of z such
a beam would reflect alternately from two planes normal to the z axis.
It means that a plane wave channel is formed and inside this channel
the extraordinary beam propagates at a large distance along r;
remaining within one period in z. The projection of the ordinary,
(1a) and (1b), and extraordinary, (2a), (2b) and (2¢), beams and forma-
tion of the waveguide propagation are shown in Figure 3.

The trajectory of the ordinary beam is a straight line for an arbi-
trary angle of incidence. For extraordinary beams with no wave guide
regime the trajectory is a helix like (Fig. 2). For extraordinary beams
captured into a wave guide channel the trajectory is non-plane also.
The effect of the extraordinary beam return was observed experimen-
tally [24]. The setup is analogous to Ref. [4] setup. The LC-cell is shown
in Figure 4. The plane parallel layer of LC (1) 100 pm in thickness was



Downloaded by [University of Haifa Library] at 14:41 09 August 2012

12/[364] E. V. Aksenova

0.75}F
0.5F

0.25F

0

-0.25F

FIGURE 3 The beam trajectories in CLC. Projections on the z,q plane,
g = 2.86, ¢, = 2.28. All distances are expressed in terms of P.

imbedded between trapezoidal prisms glasses (2 and 3). The incident
angle on the LC-glass boundary is denoted as o, the refractive angle
inside LC is denoted as y. The twist structure in the cell appeared to
be with the director parallel to the plane of the Figure 4 in the center
of the layer and normal to the plane on the orienting surfaces, so
the pitch is equal to P ~ 200 um. We measured the light intensities
by detectors Ph; and Phy for two polarizations of the incident beam
corresponding to the ordinary and extraordinary beams at an entrance
of the LC.

Ph,

A o

Ph,

FIGURE 4 The cell with the twisted LC: 1 is LC; 2, 3 are the prism glasses
with a height 12 mm, larger base 37 mm and base angle y, = 70°, LC thickness
is 100 um. Ph;, Phy are photodetectors.
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The parameters ¢, and ¢ are equal to ¢, =2.28 and ¢ = 2.86.
Refractive index of the prism is equal to n, = 1.644, i.e., \/e| <ng <
V2] The angle « varies within the limits 32.54° < o < 90°.

The obtained experimental and theoretical results are presented in
Figures 5 (ordinary beam) and 6 (extraordinary beam). Figures show
that for both types of beams there is an angle o, ~ 66.6 +~ 66.8° such
that for « < o, both detectors receive the light and for o > ., the light
is received by the detector Ph; only.

As it follows from Snell’s law on the boundary glass-LC,

e siny = ngsina, for the ordinary beam there is a restriction on
the refractive angle, o < arcsin(,/z]/ng). Substituting n, and /e,
values we get arcsin(,/¢, /ng) ~ 66.7°, i.e., o, ~ 66.7° is really the angle
of the total internal reflection.

For the extraordinary beam Snell’s law at the boundary in this case
has the form

ngsino = n)(90°) sin y = /¢ sin y. (3.19)

As far as ng <,/z| there exists angle y for any angle o in Eq. (3.19).
Therefore there is no total internal reflection on the boundary glass-
LC. But the behavior of the extraordinary beam, Figure 6, looks like
the behavior of the ordinary beam, Figure 5. Namely for o < o, =~ 66.7°
there are reflected and refracted beams and for o > o, the refracted
beam is absent.

1r BEBEEEOETIOTTG 0V 000
)

I (rel. units)

FIGURE 5 The angular dependencies of the intensities of reflected (¢) and
refracted ([J) ordinary beam; A is the total intensity. Solid lines are calcula-
tions: (1) and (2) are I!” and It(l), (3)is 1Y +It<1).
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1_
00800 0
R 000 0 0
0.8¢ and s 000 00g o
2 & o
o6 @ A @)
° 8
N 0.4+ ]
o o
0.2
0 A(l).mooo (&000& ) . .
60 65 70 75 80
a (deg)

FIGURE 6 The angular dependencies of the intensities of reflected (&) and
refracted ([J) extraordinary beam A is the total intensity. Solid lines are
calculations: (1) and (2) are I and It , (4) is I'? for returned beam.

The obtained results can be explained if we take into account the
return of the extraordinary beam. According to our calculations for
large angles of incidence this beam can not penetrate inside LC more
deeply than the layer where k = 0. Then k changes its sign and
the beam leaves LC with the same value of the transverse component
q and opposite value of the longitudinal component k Taklng into
account Snell’s law, Eq. (3.19), we get /e /n, < sina < \/W/ng. Hence
it follows that the return of the extraordinary beam appears in the
range of the angles o, < o < 90°, as it was observed in the exper1ment
The return of the beam starts at the angle o« wherein k ) becomes
equal to zero at the plane with minimal n(3). The minimal n) = /&1
and it coincides with the refraction index n(j of the ordinary beam.

In theoretical calculations we take into account extinction and
neglect the multiple reflections on the boundaries L.C-glass. The solid
lines in Figure 5 are calculated according to the following expressions

IV =LR[1+a*1-R)’, IV =Ia(1-R)? «<a, (320)

IV=1p, 1M=0 o>a. (3.21)

Here I is the intensity of the incident light, I, ,(«1) and [ ,SD are intensities
of reflected and transmitted ordinary beam respectively,
Ry = tan?(y — o)/ tan?(y + o) is the reflection coefficient of the beam
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with the polarlzatlon dlsposed in the incidence plane [22], a =
exp[— [, b2 (0(z))dlV], 6V (0(z)) is the extinction coefficient of the
ordinary beam dlW is the element of the beam traJectory

Intensities of the reflected, Ir , and transmitted, It ), extraordinary
beams can be written as

I® =R, + LR, (1-R,)*exp(—2¥(L)),

1Y =I)(1 - R, )?exp(—¥(L)), o < o, (8.22)

and

I® =R, +Io(1 - R, )?exp(—2¥(z")), I =0, a>a., (3.23)

where R, = sin?(y — «)/ sin?(y + «) is the reflection coefficient of the
beam Wlth the polarlzatlon perpendicular to the incidence plane
[22], ¥(b fo (2)(2'), c?(0(2)) is the extinction coefficient
of the extraordlnary beam dl?)(z) is the linear element of the extra-
ordinary beam trajectory. The solid lines in Figure 6 are calculated
by Egs. (3.22), (3.23).

Since our LC is nematic-like for the scale of the order of 1 we use the
formula for the extinction coefficient in nematic LC [25-27]. The
Frank modules are taken as Kj; =1.2-107% dyn, Ky =0.4-1075
dyn, K33 = 0.99K11.

4. THE GREEN’'S FUNCTION

The wave equation (3.2) in the integral form is written as
E(r) =E%r) + &2 / CZA’O(I', r)oé(r)E(r')dr'. (4.1)

The electric field E°(r) is the solution of the wave equation (3.2) for
equilibrium permittivity £&°. The Green’s function of electromagnetic

field T' (r, ') obeys the equations

~

~0
(curl curl — k2%())T (v, ¥') = o(r — /). (4.2)
Here I is the unit matrix.
As far as our medium is homogeneous in the xy plane it is suitable to
perform the transverse Fourier transformatlon The corresponding

problem (4.2) for the field of the point source T (q;z, z1) is reduced
to a set of equations

~

LT (@2, 21) = 6(z —21)I, (4.3)
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where

% . 0
Eoc/}(z) = (ezaez/} - 50(/3) 922 + Z(Qaez/} + qﬁezx) 9% + (q25a[3 - quB) - k%sgﬁ(z)

is the linear differential operator of the second order. For convenience
we consider here q as a three-dimensional vector with g, component
being equal to zero, g, = 0. Thus the calculation of the Green’s func-
tion leads to solution of the system of nine differential equations with
periodic coefficients. The principle of radiation determining the beha-
vior of the solution at z — 400 and z — —oo is chosen as boundary
conditions. The solution of the inhomogeneous equation (4.3) is
constructed as the superposition of solutions of the corresponding
homogeneous equation (3.9) in the regions z > z; and z < z;. The coef-
ficients of the superposition are chosen so as to ensure the corre-
sponding singularity in the right hand side of Eq. (4.3). The
asymptotics of the Green’s function in the far zone for the case
Q >> 1 has the form [23]

0 ~(1) ~(2)
T (q;2z, z21) =T (q;2, 21) + T (q;2, 21), (4.4)

where
Tijg(q;z, 21) :BU)(q, Z)B(J)(qv Zl)eo@(qv Z)e;;j)(qv 21)

xexp(i / £9)(q, z’)dz’>, (4.5)

for j = 1,2. Polarizations in Eq. (4.5) are chosen in the following way.
For z > z; we have

) 0)

ef(q, 2) =eV)(q. 2). e} (q, z1) =e")(q, 21).

For z < z1, we have
eV (q, 2) =eY(q, 2), e](a, 21) =eY(q, 1)

In order to get the Green’s function in the coordinate presentation
it is necessary to perform inverse two-dimensional Fourier transform-
ation. The integrals can be calculated by the stationary phase
method.

Let us estimate the fraction of the energy C; of the extraordinary
wave captured in the channel from the point-like source situated in
the origin of the coordinate frame (see Fig. 3 beams (2b) and (2¢)). This
value is of the order of the fraction of the solid angle 0; forming
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by the beams outgoing into the channel to the total solid angle 4x. For
positive directions, z > 0 the beams in the channel are radiated in the
range of angles yj, < y < n/2 where the minimal angle y; is determined
by condition n ) = \/e1. The solid angle 0; has the form

2n /2
0 b

Here factor 2 is introduced in order to take into account beams
propagating in the negative direction, z < 0. Calculating integrals
(4.6) we get

vea (4.7)

0 2
C; ~ ' — Zarctan Y2 |
dn =w el

For ¢, =2.28 and ¢ = 2.86 used in calculation, Figure 3, the fraction
of the energy outgoing into the wave guide channel is C; =~ 0.30.

5. SINGLE LIGHT SCATTERING

The second term in the right hand side of Eq. (4.1) corresponds to the
scattered field E©, produced by the incident field E°. Solving this
equation by iterations and restricting ourselves to the lowest order
in 3¢ we obtain the scattered field E® in the Born (single-scattering)
approximation

E®(r) = k2 / T'(r, —¥,:2, 2)66(r)E(r')dr’. (5.1)
In the first order the permittivity fluctuations in CLC have the form
Oeup(T) = sa(ng(z)énﬁ(r) + 5na(r)n2(2)). (5.2)

The properties of the scattered light are determined by the function of
coherence

(EY (x1)ES" (r2)) = ki / TO (r1y — ¥ :21, 2))T% (rer — ¥y 520, 25)
X Guueu(¥y, 1h) EO(¥))EY (vh)dr)dr), (5.3)

where

Giu(rh, T5) = (08, (r)0e7, (15))
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is the permittivity correlation function. Due to CLC symmetry we
have

g(rllvré) = g(rllj_ - r,2J_;Z/1’ Z,2)
Thus for calculation of the coherence function (5.3) of the system it is
necessary to know the normal waves which determine the field E°,
the Green’s function 7', and the correlation function of the permit-
tivity fluctuations G
The relationship between correlation function of the permittivity
fluctuations and correlation function of the director fluctuations (2.3) is:

Gupo(r1s 2, 2') = ey (2)n)()gps (X152, 2) + ny(e)ng(2)gp (rosz, 2))

+ny(2)n) (2)8u(r 152, 2') + nY(2)nd(2)gx (r 2, 2)). (5.4)

For the scattering medium with the periodic inhomogeneities and
the homogeneous environment the normal waves and the Green’s func-
tion inside and outside the scattering volume are essentially different.
In particular the incident and the scattered waves can be considered as
plane waves outside the medium only, so the effect of the boundary is
important.

In order to overcome this obstacle for the scattering problem in
the medium with one-dimensional inhomogeneities we suggest the
Kirchhoff method. The problem is solved in three stages. 1. The
scattered field is calculated inside the medium in the (q, z) represen-
tation. 2. We recalculate the scattered field in the boundary outside
the medium into that in the outside space. 3. The coordinate rep-
resentation of the field in the outside area is calculated on the
basis of its value in the boundary outside the medium in (q, 2)
representation.

We assume that the scattering volume is the plane layer, 0 <z <L,
with a large transverse size L, > L (Fig. 7). The incident plane wave
starts from z = —co and the scattered field is recorded in the region
z > L, i.e., in the positive half-space. The latter is not essential as
far as scattering in the negative half-space, z < 0, can be considered
in a similar way. Let the incident field be a plane wave with the
wave vector k', The scattered wave has the wave vector k® and is
measured in the far zone. The scattering volume is embedded in
homogeneous environment with permittivity &.

Due to the identity k2 + k2 = k2¢y which is valid outside the strati-
fied medium the total wave vector k is determined by the component
k, and the sign of the k. component. Therefore it is sufficient to define
the vector k<i and direction of the incident wave, positive or negative,
with respect to z. The latter is valid for the wave vector k(f> too.
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FIGURE 7 Geometry of light scattering.

Below indices “in” and “out” refer to the values inside and outside of
the inhomogeneous medium respectively.

5.1. Kirchhoff Method

Let us consider an arbitrary inhomogeneous specimen I' bordering
with closed surface X situated outside in a homogeneous medium.
The electromagnetic field outside the inhomogeneous specimen,
E(r) = E,(r), satisfies the wave equation

(curl curl — k2¢)E(r) = 0. (5.5)

It is easy to notice that the system of the three equations (5.5) is
equivalent to the system

The second equation means that the electromagnetic field is transversal.
The Green’s function T'(r, v') = Toue(r, v'), r,¥' ¢ T, for each compo-
nent E,(r) satisfies the equation

(A+Ek2e0)T(r, ¥') = —5(r — 7). (5.7)

Equation (5.7) does not define the function 7'(r, r') uniquely and
additional boundary conditions are required. If we take T|y =0 as
the boundary condition then the field E,(r) in the observation point
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may be expressed in terms of the field E,(r’) on the surface X. Accord-
ing to the Kirchhoff-Helmholtz integral theorem [28],

E,(r)= —/Zd2r’Ea(r’)Vr/T(r, r)-s(r). (5.8)

where s(r’) is the external normal to the surface X in the r’ point.

The expression for the Green’s function satisfying the condition
T|s = 0 depends on the form of the specimen. For simplicity we shall
consider the surface X as a piece of the plane z = L with a large trans-
verse size L, closed by a large hemisphere. If the Green’s function
T(r, v') satisfies the radiation condition in the infinity then the contri-
bution of the hemisphere to integral (5.8) tends to zero with increasing
ofitsradius. In this case the boundary condition 7|y, = 0in our geometry
is reduced to T'|,_; = 0, and using the mirror image method we get

1 eiklr—r’\ eik|r—r’1\
N — _
T ) =g (emet =) 59

where r] is the mirror image of ' point with respect to the boundary
plane z = L.

Let us suppose that the field is measured in the point
r=(r,, 2), z—L>»L,. Then in both terms of Eq. (5.9) we can use
the plane wave approximation of the form

eiklr—r’\ eikr

—ik
v e T (56.10)

As far as in our geometry s(r') - Vy = —9/02', we get from Eq. (5.8)
g ikr o (5) e~
E(r) = %%ie*l’é LP(r)E(kY, L). (5.11)
T

In order to fulfil the condition div E = 0 we multiplied the field by the
projector

ﬁ(r) :IA_I'(X)I‘

rz ’
providing the field to be transversal in the far zone. This way we get
the vector analog of the Kirchhoff formula.

Now due to relation e&s)Pa,; = e;f) we obtain the intensity of the
scattered field with polarization e®

[ = Vackiio 1 (Z>2<‘e<s> E®) (kf>,L)]2>. (5.12)

8n 4n2r? \r out
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Thus the scattered field in (q, z) representation in the boundary
outside the media, Eo,jt, is required for the following calculations.

5.2. Boundary Conditions

The transverse components of the wave vectors and the fields do not

change when the waves pass through the boundaries
E,.. (k, 0)=EJ} (&, 0),

E;,. k¥, L) =E}) k¥, L).

out L 1

(5.13)

The z components of the fields could be obtained from the condition for
the induction vector divD = 0. This condition gives

DEJu)tZ(ka)7 O) = Dz(iz)z(kgi)7 0)7 (5 14)
D). (&%, L) =Df (&Y, L). '
So we can write the boundary conditions in the form
E{)!, 0) = 1" " &, 0E 1 0) 5.15)
S0, L) =" &, LES Y, L),
Here Moutﬂn and Mm_mut are transformation matrices which can be
calculated from Egs. (5.13) and (5.14). We get
~out—in —
M =diag(1, 1, e/c1),
' 8( ' 0/e1) (5.16)
~in—out ~out—in 1

=M )

where d/i\ag denotes the diagonal matrix.

5.3. Scattering of Light
For stratified media with boundaries parallel to the layers the wave
inside the medium has the form

EY () = £k, 2)el!' ™, (5.17)

1243

where £9(k L), z) is determined by the properties of the stratified
medium and also by polarization and amplitude of the incident wave.
In case P> the function £7 is determined by Egs. (3.9) (3 13).

From Egs. (5.1), (5.17) we obtain the scattered field E° (k' k¥ L) at
the boundary z = L inside the specimen
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mn

EC (K", L) = k2 / 22T (&L, 2)56k" — k7, 21D K?, 2).
(5.18)

From Egs. (5.15), (5.18) and relation (dé(k,, z) ® 0¢"(k., 2')) =
S.G(k,;z, 2') we obtain the intensity of the single light scattering out-
side the specimen (5.12) in the form

L L
\/_Ckot‘l() SL (_) e! )eA(’s)MinﬂoutMAigﬂout/ le/ de
0 0

8t 4n? r2 \r
x T9, (kY L, 21) T (L, 22)Gppu (k) —k;21, 25)
x ENKY, 21)e0 (&Y, 2p), (5.19)

where S is the cross-section area of the specimen.

We restrict our treatment to the case when the polarization of the
incident light inside the medium has only one of two possible types
of waves EL(:B (r), Eq. (3.9). Otherwise the summation over polarizations
(i) should be performed for the field inside the medium. In a similar
way the scattered light outside the medium corresponds only to one
type of the scattered wave inside the medium, E ( ). So in what fol-
lows it is possible to omit the summation over (s) for the field inside the
medium. Thus indices (i) and (s) take values 1, 2 dependent on types of
the incident and scattered waves.

6. LIGHT SCATTERING INTENSITY IN CLC WITH LARGE PITCH

Substituting expressions for the incident field, Egs. (3.9), and
the Green’s function, Eq. (4.5), into Eq. (5.19) we get the scattering
intensity

IE;) —Jo (;)2|B<s>(k<f>, L)|2:g8£ OLdzl /0 Ldzz exp {i /Z lzz qgsc>(z’)dz’]
x AO(KY | 20)A0* (kY 25)BO (kY 21)BO* (kY 25)
x e (6, z1)efy (KT, 22)Gpupu(al”;21, 22)el) (T, 21)
x e (kY. zg), (6.1)

where ¢ =k — k), ¢f(z) =k (&Y, 2) - kY (k1. 2),
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\/'Ckoﬁo el in—out in—out (1(S)
Jo = 8t 4m 712 & M (k L)M (kj_ ) L)

x el (kY L)e?(kf% L)

and V,, = S L is the scattering Volume Using the first equation in
(5.16) we can calculate the field E ., inside the medium through the
field EE) >out outside the medium:

82 -1/2

. o 2 o

Eg)z Eé) [ez()lzZu + —Seffit z:l )
&7

@)

where e,

medium.

Integral (6.1) contains rapidly oscillating factor exp [i [.* g (2)dz'].
As far as the vicinity of the line z; = z5 yields the main contribution to
the asymptotic behavior of the integral (6.1) it is convenient to intro-
duce new variables z,. = (z1 +22)/2 and z_ = z3 — z;. Expanding the
phase function in series near the line z_ = 0 up to the terms of the first
order we have

is the polarization vector of the incident field outside the

z++z,/2
/ ) (Vd ~ ) (21 )z 6.2)

+—2_/2

This approach is valid for ¢*“P>1. The correlation function (2.19)
fZZ 1z dzH Therefore

the approach is valid not only for ¢F“P > 1 but also for ¢*'P ~ 1,
P>>1 ie. ﬁnallyforqs"P>>1 ‘ A
Functlons Al &Y, z), BYX, z) and e;f‘l)(k(f‘l), z) vary slowly

compared to the rapidly oscillating function exp [iqésc) (z1)z—]. Therefore

it is possible to substitute z, instead of z; and z5 into these functions.
We can expand the region of integration over the z_ variable within

the limits ioo and for the correlation function we get the Fourier

image G(q", ¢ (z,), z,).

Thus the intensity of light scattering has the form

contains rapidly decaying factors exp{ q'

s Vsc i
19 =25 (2) B, 1P /dz+|A k¥, 2,)2IBY (&Y, 2,)P
x e (k) 2, )el <kf>, 2:0)Gpmon(d (21), 24)
x e (k! 2.)e® kY, 2.), (6.3)

where q*)(2) = (qi ), qgsc)(z))-
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In all slowly varying factors of Q(q; z1, z2) we substitute z; and z; by
z.. We restrict ourselves by the term linear in z_ in the exponential
factors. In this case Eq. (5.4) takes the form

where

850 (2), 2) =

Gupo (4 (2), 2) = e2[n2(2)n0(2)gps(4* (2), 2)

i / dz_
2q; sc) K33 0052 oz
x exp (ig!" ><z>z_ - q& i(2)lz-)
< f(q) 2, 2 f (@52, 2-). (6.5)

Performing integration over z_ and summation over j in Eq. (6.5) we

get

8up(q®

where

kBTZ ¢jx(a", 2)ejs(q), 2)
sc)2 q (sc) . nO) ] + K33( (sc) . n0)2 )
(6.6)
e2(q(sc) (Z), Z) — q(sc) X nO ’
Va2 — (g -noy (6.7

e1(q“(2), z) =n" x e3(q", z).

Substituting Eq. (6.6) into Eq. (6.4) we get the correlation function of
permittivity fluctuation in CLC

Gpvou(a

B 22: kpTe
Kjjq©*? + (Ks3 — K;)(q*) - n°(2))?

Jj=1

x (e (g, z)nd(2)

+e,(@"), 2)nd(2))(en(@™), 2)nd(z)
+ej¢(q(“), z)ng(z)). (6.8)
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Thus in the problem of light scattering it is possible to restrict
ourself to the expression (6.8) for the correlation function if the
inequalities

a>qo, |21—22/<q/q? (6.9)

are fulfilled.
Substituting Eq. (6.8) into Eq. (6.3) we get for the light scattering
intensity

®
Iy

I(e?,e®) = JOkBTs() B, L) QV“ / dz

AD Y 2)? B¢ (
T2 Kiigso? (K33 *ij)(q< ) ~n0)2

x{(e .e)(n° . e®)

X

+ (ej-e®)(n’ - e?)| (6.10)

where n0 =n'(z), e = e (k| 2) e = e (k" 2),e = e;(q),2),
q"°) = q©*°(2). Comparing the applicability cond1t1ons for Eqs (6.3)
and (6.8) we finally get that Eq. (6.10) is valid for ¢/ P>1.

6.1. The Basic Scattering Geometries

Let us analyze the light scattering intensities for various polariza-
tions. In what follows we use the notations (o) and (e) for ordinary
and extraordinary beams. In this system there exist four types of scat-
tering, (i)—(s).

The scattering of the (0)—(o) type is absent since the polarization vec-
tor of the ordinary beam is perpendicular to the director n0 e =0.
So for the (0)—(0) scattering it is valid that n®-e® =0, n°.-e® =0
and hence the scattering intensity (6.10) goes to zero. Th1s situation
is similar to that for the nematic liquid crystal.

In the case of (0)—(e) scattering there is only one nonzero term in
brackets of Eq. (6.10). So we get

I(eW,e®) = JokpTe2 () B® &Y L)PEL ZV“/ dz
x IBO (K, 2)2(n(z) - e (kY 2))?

, 2
lei(a“), 2)- ek, 2)]

" J;Z Kjjq©2(z) + (Ka3 — Kj)(4*9 (2) - m0(2))*

(6.11)
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Intensity of the (e)—(o) scattering can be obtained from (o)—(e)
scattering intensity if we substitute e(!) = e and k® =Kk

For (e)—(e) scattering both terms in brackets of Eq. (6.10) contribute
in general to the intensity,

JokpTe2|B? (" L)E}” (Z)zvsc
Bk, 0)? rL

L .

< [ dBP R, 2B K, o)
0

« 3 !

e Kijg*2(2) + (Kss - Kj)(q*) (2) - n0(2))?
x |(ei(a", 2)- e (k7 2)(n’(z) - e (k. 2))

I(e(2), e(2)) —

+(e(a™), 2)- (kY. 2)(n'() - ek, 2)]" (6.12)

The application of the WKB approximation imposes restrictions on
the scatterlng geometrles First of all the scattering angle y between
vectors k¥ and k¥ is not small, (y>>qo/ko ~ 4/P), since ¢"'P > 1
in Eq. (6.10). Moreover the angles between the z axis and the wave
vectors of the incident and scattered waves for the extraordinary beam
can not be close to 90° due to the effect of the beam capture in the plane
wave channel. At last there is a restriction on the thickness of CLC,
L«ky/q? ~ nP%/), it is the consequence of the second inequality
(6.9). From the latter inequality it follows that obtained equations
are valid to the region of thickness from a rather thin CLC up to that
containing many pitches.

We calculate the light scattering intensities I(el!,el?) and
I(e® e?) for the geometry shown in Figure 7. The results are repre-
sented as the intensity distribution on a flat screen, normal to the z
axis. We choose the following CLC parameters: ¢, = 1.0, ¢, = 2.5,
Ki1=3.0-10%dyn, Ksp =2.0-10% dyn, K33 =5.0-10"% dyn, the
ratio of the CLC thlckness to the pitch L/P is equal to 1/4; the angle
¢; between the vector k and the vector director of the beam entering
the CLC at z = 0 is set to be ¢; = n/4. Figure 8 shows the intensity of
the scattered light for the angle of incidence n/4 with respect to the z
axis. For both types of scattering the 1ntens1ty is maximal in the region
of small scattering angles, 0. = /(k® k@) ~ 0. One can see that this
region for (o)—(e) scattering is Wider than for the (e)-(e) type. The
intensity of (e)—(e) scattering for k® ~ k® formally tends to infinity
whereas for the (0)—(e) case it is finite. Here we do not consider the
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FIGURE 8 The logarithm of the light scattering intensity (a) for (o)—(e) and
(b) (e)—(e) types of scattering. All magnitudes are expressed in relative units.
Coordinates x and y are measured in distances between the slab and the
screen D.

region |k(s) — k(i)| <qo (the white spot in the Figure 8(b)), since our
approach is not applicable in this region.

7. CONCLUSION

We have considered the problem of light propagation and scattering in
cholesterics with the large pitch. In a helical medium the incident
plane wave is transformed inside the scattering system into a normal
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wave of the helical medium which is not plane. The Green’s function,
i.e. the field of a point source, has a complex form as well. In parti-
cular, it depends on positions of the source and the receiver separately.
Moreover, the Green’s function has forbidden zones, i.e. regions where
the wave can not penetrate. The trajectory and the polarization vector
of the wave change in a rather complicated way. Besides, for certain
directions the wave returns back and as a result a wave guide propa-
gation takes place. The spatial correlation function of the permittivity
tensor fluctuations resulting from the director fluctuations is not
determined by the difference of the coordinates only, but essentially
depends on their projections to the helical axis. In the present paper
we have analyzed all these factors for CLC with the large pitch and
have obtained the expressions for the light scattering intensity in a
closed form.
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